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1. PROOFS OF THEOREMS IN THE MAIN TEXT

PROOF. (PROOF OF THEOREM 2.1.) Note that

~ 1 & ~ ~ 1 -
= — E Os., Os. = LG— —0s.,
m J 7og—1 g—1"

where the gsj are as in (2.2). Clearly, averaging over the equivalence class of S does not affect the asymptotic
properties of 0. Thus, it suffices to consider the asymptotic behavior of 55. First note that, for any two distinct
S,8" € S, because S and S’ are disjoint, \/ﬁ(@s —0j5)) and \/ﬁ(@s/ — 0)g/|) are jointly asymptotically
normal as N, T — oo, with large N, T covariance equal to zero by Assumptions 2.1 and 2.2. Then, given that

S is a partition of {1,2,...,T} and minges |S|/T is bounded away from zero, it follows that, as N, T — oo,

0—6p d 0 »-1 y-1
AT (e ) 4 ((0)- (50 5

and, in turn, VNT(0s — plimy_, . 0s) 4 N(0,%71). By the construction of 65 and by Assumption 2.3,
VNT(plimy_, . 0s — 00) = VNTo(T™') — 0

provided N,T — oo with N/T — p. Therefore, the bias is asymptotically negligible. This completes the
proof. O

ProoOF. (PROOF OF THEOREM 2.2.) Again, the averaging over the equivalence class of S can be ignored,

so it suffices to show that the maximizer of

, - 1

ls(0) = ——I1(0

5(6) 0) - —
satisfies the conclusions of the theorem. Let 55(0) = Vjls(0) and 55(0) = Vyis(6). As in the proof of
Theorem 2.1, Assumptions 2.1, 2.4, and 2.5 imply that, for all 6 € Ny, VNT (s5(0) — s0(6)) <> N (0, A(6))
as N,T — oo with N/T — p. Let 6 be the maximizer of [5(f) on ©. Because $s5(f) = 0 with probability

Is(0)

approaching one, a Taylor expansion around 6, yields
0 — 0y = —Hs(00) ‘55(0) + 0,(1/VNT),

where Hg(0) = Vggxig(@). As Hgs(0y) & —X, it then follows that \/NT(é —6p) L\ N0, Y as N, T — oo
with N/T — p. This completes the proof. O
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ProOOF. (PROOF OF THEOREM 4.1.) First consider the infeasible estimator

' = [6) = ZZ,U/zt a;(6o), o).

i=1 t=1
A third-order expansion around «;(fy) gives

N T

1 —~ Vaa,uit(ai(90>790) ~ 1
T = A v ) o . o 2
o Hx = NT ; ; vaﬂzt(az(QO)u 90) (az(QO) O‘z(HO))"_ 2 (041(90) 011(9())) +Op /7NT .
Using the influence-function representation in Assumption (4.1),
N T 1 N
1 ~ ~ 2oic1 E[Vapi(ai(6o), 00)] Bi
NT DD Vapir(ai(bo), bo) (@(60) — (b)) = == T

=1 t=1

Zz 12]—_00 [Vawit(ai(bo), o) ie—j] 1
LI A (1)

where the convergence can be deduced from Assumption (4.2). Also,

N T 1 N (s 0__2
i 30 3 ot 0000 G, gy — o) = B P ot QLI 6, (L)

i=1 t=1 T VNT
follows in a similar manner; the higher-order bias can be ignored because T2 = 0,(1/v/NT) under

rectangular-array asymptotics. Hence,

T_ — 2 +o0 l + [0) L
L T T P VNT )
d . d
As VN (e — po) = N(0, var(E[ui (6o, aii0)])), we equally obtain v/ N (uf — o) = N(0, var(E[ui (Ao, cvio)]))
as N,T — oo and N/T — p. To obtain the same result for the feasible estimator [, note that another
expansion around 6y further yields 7i — pu = E[Vou(a:(6o),60)] (6 — 6o) + 0p(1), so that

p= +D+E+o 1 +0 L
MilLL* T T P \/W )

from which VN (fi — ) = op(1) readily follows. The corresponding results for the jackknife estimator follow

in analogous fashion as before. O

2. ASYMPTOTIC CHARACTERIZATION OF BIAS CORRECTION VIA THE JACKKNIFE

2.1. First-order bias correction

Because

~ 1 & ~ ~ 1 -
72 bs, = 26— —s,
m f—

and the set of cardinalities is the same for all members of the equivalence class of S, the large N, fixed T
bias of @ is the same as that of gg. Hence, it suffices to consider 53. Recall that S = {S1,5,...,54} is
a collection of g > 2 subpanels partitioning {1,2,...,7} in such a way that the sequence minges |S|/T is

bounded away from zero as T' grows.

THEOREM S.2.1. Let Assumption 2.1 hold and assume that (2.5) is satisfied for some k > 2. Then

!/ / /

. B;  Bj _
thN_moes—eo-ﬁ-ﬁ-i-ﬁ-i- +T7];+O(T k)
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where
- Tt Zs SIS
B;- = = 16 B; =0(1),
sign(B;-) = —sign(B;), and |B’| > |B; |Zm 19"
PROOF. Since |S|/T is bounded away from zero for all S € S,
|5|1 J |5| k
pllmN_mOos—eo—FZZ B+ ( )—00+ B1+ZZ (T )
j=1Ses j=2 Ses

where, by convention, 2512() = 0if k = 1. The result regarding plim_, . 0 follows easily, since B; = 0(1)
for j =2,...,k because T/|S| = O(1) for all S € S. Since T/|S| > 1, we have 791 3"« o |S|'7 > g for all
J > 2, so sign(Bj)) = —sign(B;). To prove that |B}| > |B; \Zm 1 9™, it suffices to show that, for j > 2, we

have
j—1
771 Z ISP —g>(g—1) Z gm. (S.2.1)
Ses m=1

By a property of the harmonic mean, for j > 2,
. . . 7\ 177 _
Py s =T Y (1) =
ses ses \Y
from which (S.2.1) follows. O

2.2. Higher-order bias correction

Let

b;(G) = (—1)"g1...gn > grg, j=1,2.., (S.2.2)
ki,...,kn>0
ko Hhn<j—h—1

with the standard convention that empty sums and products are 0 and 1, respectively, so that b;(G) = 0 for
j<h=|G|, and b;(@) =1 for all j > 1.

THEOREM S.2.2. Let Assumption 2.1 hold and assume that (2.5) is satisfied for some k > h. If k = h, then
pth_mle/Gf@OJro( ) If k > h, then

~ B; (G B, (G
plimNﬁoogl/Gia()‘F};hi:_(l)*F...*f* ';Ek)+0(Tik)

where Bj(G) = b;(G)B; + O(T1).

Proor. For all g € G,

k
. = S|t=i _
plimy_, . 01/4 = 00 + E E | |T o(T7F).
j=15es,

Hence

k .
. n 1 S|ta _
plimy o Bye =00+ 3 [ (14 D an | o~ Sy X 2] By o)

J=1 geG geG SeS,

k
¢ (G)B; _
=00+ ST+ olT ™,

Jj=1
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where

¢i(G) = 1+Za1/g 1-— Z TS|

geG Ses,
S AT Sy, S TS
geG SeS,
l
=(1=JAT)T =Y ayy,, Y TSN
r=1 SEeSy,.

l l
=(1-JA )t 12( A”) > TS|, (S.2.3)
1

r=1 \s= SESy,.

and A" is the (r, s)th element of A=L. For j <1,

l l
¢(G)=(1—/A")t <1 -3 (Z A”) Ajr>

This proves that plimN_mﬁl/G =0y +o (T*l) if £ = l. Now consider the case k > [. We need to show
that ¢;(G) = bj(G) +O(T 1) forl < j<k.Foral g€ Gandall S €S, T|S|™! =g+ O(T1), and, for
r=1....k Yses, Tr=1S|1"" = g" + O(T~1). Hence A = A + O(T~1), where A is the | x [ matrix with
elements A,, = g7. Let m; = (¢7,...,97)". From (S.2.3), for | < j < k,

l l
(@) =(1—-/A"1)! (1 -3 (Z A’“S> gg> +0(T7h)

r=1 \s=1
=(1-JAT) T (1-m AT +0(T )
At A
m 1 -1 Vil —1
=——F—+t0T ) =(-1)'"" +0(T),
N A 14
Jo1

where ¢ is an [ x 1 vector of ones and

1 0 0

1 A |
vi-| b v a e e
¢ A A" 7y A

|V| is a Vandermonde determinant given by

Vl= H (99 — 9p); g0 = 1.

0<p<q<l
Noting that the first row of Vi, is (0°,01,..., OH‘l)7 [Vi41| is also a Vandermonde determinant, given by
Vieal= [ @a-9)=IVI I] 9 g9-1=0.
—1<p<g<l 1<q<i

For j > [+ 1, by the Jacobi-Trudi identity (see, e.g., Littlewood 1958, pp. 88), |V;| can be written as the

product of |V;41| and a homogeneous product sum of g_1, go, - - -, g1,
k-1 Kk k k k
Vil = [Viga] > 9190 9" = Vil > g9
k_1,ko,...,k1 >0 K1k >0

k_1dkot..Aki=j—I—1 kit 4k <j—i-1



Split-panel jackknife estimation: Supplement 5
which also holds for j =+ 1. On collecting results, ¢;(G) = b;(G)+ O(T~!) for I < j < k. O

Table S.1 gives the first few b,;(G) for selected G. Together with Theorem S.2.2, the b;(G) indicate how

the jackknife transforms the higher-order bias terms.

Table S.1. Higher-order bias inflation factors

G bi(G)  b2(G)  b3(G)  ba(G)  bs(G)

@ 1 1 1 1 1
{2} 0 -2 -6  —14 —20
{2,3} 0 0 6 36 150
{2,3,4} 0 0 0 —24  —240

3. BIAS CORRECTION WITH OVERLAPPING SUBPANELS

We next consider h-order bias correction (h > 1), with o > 0 collections of two overlapping subpanels and
h — o > 0 collections of non-overlapping subpanels. Let G = {g1,...,gn}, where 1 < g1 < ... < g, <
2 < got1 < ... < gp and goq1,-..,9n are integers. We need T large enough so that T > gpThin and
[T/g] # [T/g'] for all distinct g,¢’ € G. For each g € G, let S; be a collection of subpanels covering
{1,...,T} such that (i) if g < 2, then S, consists of two subpanels, each with [T/g] elements; (ii) if g > 2,

then Sy is a collection of g non-overlapping subpanels forming an almost equal partition of {1,...,T}. With
{845:7 =1,2,...,my} the equivalence class of Sy, define the split-panel jackknife estimator
Mg
Oijc= 1+ ayy | 0= agbsy  Biyy= mi D s, s, =) E|S||S|55’ (8.:3.1)
gea 9ea 9 j=1 Se8, ~S€8,

where ay 4, is the rth element of (1 — /A7) A™!, and A is the h X h matrix with elements

Sses, (T/1S)
Sses, ST

Note that, for o = 0, (/9\1/@ reduces to the estimator given in (5.3). The coefficients a, 4, again, solve a linear

[A]ys = r,s=1,...,h. (S.3.2)

equation system so that the bias of é\l/G is o(T™h).
Let b;(G) be as in (S.2.2). Let

dr(GY=1+ (1 -/A )2/ A7TA™ Y,

where T is the symmetric A X h matrix whose (r, s)th element, for r < s, is

I = 1(A,—1)(2—Ay,) ifs<o,
10 otherwise.

The following theorem shows that dr(G) is the variance inflation factor due to the subpanel overlap.

THEOREM S.3.1. Let Assumptions 2.1, 2.2, and 2.3 hold. Assume that (2.5) holds for some k > 2. If k = h,
then plimN_mogl/G =6p+o (T_h). If k> h, then

Bj,11(G) B, (G)
Th+1 et Tk

phm]\]_moé\l/G =0+ +o0 (T_k)
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where Bj(G) = b;(G)B; + O(T~"). Further,

NT
2
dT(G)( 1/G —

and d(G) = limy_,o dr(G) > 1, with equality if and only if o = 0.

90)i>./\/'(0,2*1) as N,T — oo and N/T — p,

PrOOF. The first part is proved along the same lines as in Theorem S.2.2. We have

(GQ)B;
pth%OOgl/G_gO'f'ZC] ) I 4 o(T™F),
j=1

where now

T38|t
CJ(G)El+Za1/g 1_ZZ:S|S|S'|
€Sy

=(1-/A")™! 1—§l: zl:Ars > s
Yses,, IS

r=1 \s=1 SES,,.

For j <, ¢;(G) = 0. Consider the case k > 1. Forallge Gand r=1,...,k,

TS| 1jqll— 1
TS = g 1+0(T™)
Ses, ZSESg |S| ZSES |S| S%'S:’ ZSES Sgs:
=g"+0(T™1).

Hence, A = A+ O(T!) and, for | < j <k,
¢(G) =1 —=/AT) T (1= AT) +O(T ),

where m; = (g{, - ,glj)’. By the proof of Theorem 2, ¢;(G) = b;j(G)+O(T 1) for | < j < k, thus completing
the proof of the first part. We now derive the asymptotic distribution of (2)\1 /- For any pair of subpanels S
and S’ such that, as T — oo, TS| = s >0, TS| = s >0, and TSN S| = s, > 0, we have

fs _ 1/s sn/(ss’) _1
Avar( 5o > = ( sn/(s5') 1/s' ®X T, (S.3.3)
where Avar(-) denotes the large N, T variance. Now consider 6;,, = %(/0\31 + 12)\52) and 6/, = %(é\si + tz)\sé),
where 1 < g < ¢’ < 2and 1 € S;NSY. Then T71Sy| = TS| — 1/g, TS} = T84 — 1/¢',
T718:NSs| = (2—g)/g, T S\NSL| — (2—g') /g, T71S1NS}| = T~1S2n S| — 1/¢', and T~ S1NSh| =
T-YS,NS) — (9+4 —g9')/(99"). Application of (S.3.3) gives

Os, g 9(2—g) g g+9 — 99

Os 9(2—9) g g+g —g9 g 1
Avar | 2% | = ®X,

Os; g 9+9 —99 g 9(2-9)

05, 9+9 —g9 g 9'2-49) g9

and so

0, 1 ( gB8—9)  29+g —g9 ) 1
Avar [ 2Y/9 = - QY.
( 1/g/> 2\ 29+9 -9 JB-9)

Let 01/ = (01/g,,---+01/4)- Then Avar(vect ) = V @ X7, where vec(-) is the stack operator and V' is

the symmetric [ x [ matrix whose (r, s)™" element, for r < s, is

v.o—{ or+3(9s—grgs) ifs<o,
11 otherwise.
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Therefore, @\1/G =(1- L’A‘le)_l(g— 01/GA™"e) is asymptotically normally distributed, centered at 6, and

has large N, T variance
Avar(@\l/g) =1-/A W) 2PA -2/ A+ /AT VAT )T

(14 JATHV —u) AT
N (1—JA1,)?

> Yyl =d(G)s7

since V — 1/ = I". The proof is completed by showing that, if 0 > 1, the leading o x o submatrix of I is

positive definite. Let L, be 2 times this submatrix, so that
Lo—1 A1
L — o o
=0 )

g —1
Ao—1 = (2—90), Moo = (90 = 1) (2= 9o) -
go—1 — 1

where

The (r, s)-th element of L, *

o1, for r <s, is

9r+1—9r—1 :
ifr=s<o-1
(gr_g7‘—1)(gT+1_97‘) < ’

2—go—2 .

fr=s=o0-1
s (9o 1=9o—2)(2=9o—1) §=075

o—1 —
,g+11_g ifr=s-—1,
e s
0 otherwise
)

where gy = 1. Hence

o—2 2
— o1~ 1)" (2~ go-2)
N L Aot = (2 g0)? B, + o1 ,
! ! ! ( g ) (; (gofl - 9072) (2 - gofl)

where
2
B — (gr = 1) (gr+1 — gr—1) 2(9r —1)(gr+1—1)
(9r = 9r—1) (941 — gr) gr+1 — gr
gr—1 — 1 gr+1 — 1
= (g, — 1) ( — =t ) .

9r = 9r—1  Gr+1 — Gr

After some algebra, S°_2 h, = —%, and so

- (9o — 9o—1) (2= go
)\oo - )\:)71[/0_11)\0—1 = 9 ) ( )
— Go-1
The determinant of L, is

o

|Lo| = |Lo—1| (Aoo - A:)_lL;_lle—l) = (2 - go) H (gr - gr—l) )

r=1
by induction. Clearly, 0 < |L,| < |Lo—1] < ... < |L1] < 1. All leading submatrices of L, have a positive

determinant, so L, is positive definite. O

Overlapping subpanels allow |b;(G)| to be much smaller than is possible with collections of non-overlapping
subpanels because |b;(G)| increases rapidly in all ¢ € G. For the same reason, the optimal choice of
Jot1,---,9n, from the perspective of minimizing the higher-order bias terms, is 2,...,h — o + 1. With

overlapping subpanels, however, the large N, T variance inflation factor, d7(G), increases rapidly with both



8 G. Dhaene and K. Jochmans

the number of collections of overlapping subpanels, o, and the number of collections of non-overlapping
subpanels, h — 0. So, in practice, one would hardly ever consider using more than one collection of overlap-
ping subpanels in combination with collections of non-overlapping subpanels. More generally, we would only
recommend the split-panel jackknife estimator with overlapping subpanels in applications where N is very
large and there is a great need for bias reduction, for example, when T is very small.

Intuitively, subpanel overlap causes large N, T variance inflation because the time periods, t, receive
unequal weights in those 6, /g Where 1 < g < 2. In principle, it is possible to prevent variance inflation
by adding to 6, /g & term that has zero probability limit and equalizes those weights. As an example, take
g = 3/2 and suppose T is a multiple of 3 and T > 3T1,i,. Then

_ 1 ~ N
/3 = 5(91:2 + 0a:3),

where (/9\1;2 and 52;3 use the first two-thirds and the last two-thirds of the time periods, respectively. Now

consider
_ 1 ~ . 1 . ~
O3 = 5(91:2 +02.3) + 5(91:1 — 205.5 + 03.3),

where each t receives a weight 1/7 and plim _)0052 /3 = plimy ool /3 because the second term of 52 /3 has
zero probability limit. Hence, replacing 6, /3 with 52 /3 In 51 /G, with unchanged weights a;/4, g € G, will
leave the asymptotic bias unaffected but will reduce the large N, T variance. It is possible, for any T" > 2Ty,
and any g between 1 and 2 that divides T, to find 51 /g Similar to 52 /3, such that each ¢ receives a weight
1/T and plimN_mogl/g = plimN_mogl/g. A drawback, however, is that the weights associated with certain
subpanel estimators in the zero plim term may become large, especially when g is close to 1, similar to the
weights of the delete-one estimates in the ordinary jackknife. In exploratory simulations with small T, we

found that this may substantially increase the variance, so we have not pursued this idea further.

4. DETAILS FOR THE GAUSSIAN AUTOREGRESSION

The model is
Yit = @0 + Y0Yit—1 + E€its gir ~ N(0,07), Il <1,
and the initial observations are y;o. The maximum-likelihood estimator of -y, conditional on the y;q, is the
within-group estimator. The large NN, fixed-T inconsistency of this estimator has been derived by Nickell
(1981) under stationarity and by Bun and Carree (2005) and Dhaene and Jochmans (2013) for arbitrary
initial observations.
First assume that the data are stationary. Re-arranging Equation (18) in Nickell (1981) allows writing the

inconsistency as

A 1 1—ng Yo
— v =—(1 —_— A= — (1 — ——— B=2rA = —.
Yr Yo ( +,70)1*B7 Tl( T(l*’)/o) 3 rA, r 17,_)/0
Let k be any positive integer. Since ¢ = o(T*) as T — oo, we have
1 1 1 _k
A:T—T<TZ+TS—|—...)+O(T )

for any k. Now it readily follows that the expansion vy — vy = Z?Zl B;/T7 + O(T~%=1) holds for any k,

with the first few terms given by

T+9 7(1+7) 7(1+v)  (r+4r2+2r3) (1+) _5
— = — — o(T™?). S.4.1
YT — Yo T T2 + T3 + T +0(T™?) ( )
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Although for every fixed T'> 2, 3372, B; /T is a convergent series, 7 — Yo # Py B;/T7 due to the term
7&, which affects A and, therefore, y7 but not Bj. Note, also, that the expansion extends to the case yg = 1,

because

YRR S D R
S T T = T T T T T s

which justifies the jackknife as a bias-reduction method also in the case of a unit root. As a numerical

+...,

illustration of how the jackknife affects the non-eliminated higher-order bias terms, consider the case vy = .5.

From (S.4.1) and Table S.1, we obtain the expansions

1.5 1.5 1.5 105
G + = 0T,

plimy_, 7 =5 T et T

. N 3 9 147 B
plimy_, . Y12 =5+ T2 T T8 T Th +0(T7°),
. ~ 9 378 _
plimy_, . Yi/f2,3) =5+ 3 + T +0(T™°),

. - 252 -~
plimy_, . Y1/{2,3,4) = -5 — T +0(T7),
assuming that 7" increases in multiples of 12. The expansions show that higher-order versions of the jackknife
require a larger T' before the leading non-eliminated bias term becomes dominant.
Now consider arbitrary initial observations, with (oo, %:0) drawn from a distribution G. It is useful to
introduce the quantity
VP =E [(yio - Ni)T T »_ 0}
gz b 1 1 _ ’YO b 1 _ ’Yg b

)
I

which is a measure of outlyingness of the initial observations with respect to their respective stationary
distributions. When the data are stationary, we have 12 = 1. Using results of Dhaene and Jochmans (2013)

we can write the inconsistency of 7 as

A 1 1—7T 1 /1—~8\2
— 7 = —(1 —_— D =B+ (1—-y? = 0 ——( 0)
T Yo (+70)1_D7 +( 1/’)07 c T_1<1_73 T 1_70 )
with A and B as above. As T' — o0,
A r 1 1
= - =+ =+... Tk
L=y 14+ (T+T2+ >+0( )

for any k. Therefore, y7 — vy can again be expanded in powers of 1/T to any order. The first two terms are
given by

1ty _r+)  (#°=1)/0 =)

oy = - ).
T = T T2 T2 +0(T™)

In the stationary case, the expansion reduces to (S.4.1). The expression further shows that (i) the first-order
bias is independent of the distribution of the initial observations (see also Hahn and Kuersteiner 2002); and
(ii) deviations from stationarity do show up in the second-order bias.

We now calculate the bias of the profile log-likelihood for arbitrary initial observations. The joint log-
likelihood for all parameters is

N

1 1

1(770276¥17 s, aN) = —510g02 T ONTo2 E (i = vyi— — @it) (yi — yi- — it),
i=1

where y; = (yi1,---,91), Yie = (Yio,---,¥ir—1)", t is a T x 1 vector of ones, and additive constants are
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omitted throughout. Profiling out a,...,ay and o2 gives a;(y) = (y; — yyi—)'t/T and

I(y) = log (NTZ —vyi-) M( i79i—)> :

where M = Ip— /. Using results in Dhaene and Jochmans (2013), as N — oo, 1(+) converges in probability

to

Ir (v) = 1 log (;E(yi — i) M (y; — m—))

2
1 (v = 70) 2 2 —D
—21 A AU 1) Rr=(y— - .
20g(+ =2 + Rr = (7 70)1_ + (v 70)1 7
If instead of &;(y) we use
. ’ a0
ai(y) =plimy_, o (yi —vyi-) ¢/T = (1—7) ﬁ’

we obtain an infeasible log-likelihood whose probability limit, as N — oo, is found as
1 1=
lo(v) = 3 log <T]E(yz' —i— — (V) (yi — yyi- — az‘(’Y)))

1 L= %) _ (=) (1=,

after a tedious but straightforward calculation. Note that 7y maximizes Iy (y) for every T and 2. The

asymptotic bias of lA(W) is

1 1 1
lr(7) =lo(7) = —5log (1 + R) = —3 (R - 2R2) +0(T79)
where
Ry — Ry
(y=70)?
1+ 5= + Ro
given that Ry and Ry are O(T~1). Using D = 2rA + (1 — 4?)C, we can write

—2rA
1—-~3

R:

=0(T7),

Rr — Ry = (v —0) 7+ F

11— + (v — )

where

(v=2)?(~  1-7%" 2
= (C T(l—vé))(w 2

_ (=) 1 1 1/ 1 \? 1 , B
= 17703 (Tl(l’yg_T(lfVO))_M)(w — 1) +o(T7%)

for any k. Clearly, F = O(T~?2). It follows that the O(T~!) term of I () — lo () is free of 1)%. The effect of

non-stationary initial observations again shows up in the second-order bias term of the profile log-likelihood.

Table S.2 presents simulation results for the Gaussian autoregression with non-stationary initial obser-
vations, where the jackknife is bias-reducing. We generated y;0 ~ N(io/(1 — 70),¥%03/(1 — ~3)) with ¢
set to 0 and 2. These values correspond, respectively, to inlying and outlying initial observations relative to
the steady-state distributions. The results show that the bias-corrected estimators continue to remove most
of the small-sample bias from 7. The jackknife estimator 7, o generally performs better than the plug-in
estimator gk = 5+ (1 +7)/T. When vy = .5, the 5%-level validity tests both overreject the null when T is
small, but the overrejection rates decrease as T increases, as predicted by the theory. This is because in the

early periods the time-series are moving toward their steady state. This move becomes larger as |¢)| moves
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farther away from 1. The impact of ¢ vanishes as 79 — 1 (Dhaene and Jochmans 2013), which explains the

much improved acceptance rates for very small T' when ~yq is increased to .95.

Table S.2. Small-sample performance in a non-stationary Gaussian autoregression

—.347 —-.079 -—-.025 -—.219 .000 .513 .824 .001 .928 .865
—.257 —.046 .008 —.159 .000 .660 .850 .002 .909 .896
—.166 —.017 .028 —.098 .000 .809 .717 .008 .875 .927

bias confidence validity
T v ¥ Bl YHK F1/2 Y1/2 ~ FHK Y172 Y12tz tie
4 .5 0 —.537 —-.296 —.191 —.239 .000 .022 .304 .090 .601 .458
6 .5 0 —.340 —.147 —.054 —.121 .000 .233 726 373 639  .688
8 .5 0 —.243 —-.086 —.012 —.070 .000 507 .834 626 .737 .818
12 .5 0 —.151 —.039 007 —.031 .000 778 .866 832  .855 904
4 .5 2 =244 .070 084 —.099 .001 747 .681 687 .376  .480
6 .5 2 —.178 .043 .064 —.059 .001 798 .662 .769 .304 .593
8 .5 2 —.142 .028 .044 —.039 .002 .854 711 .836 373 .691
12 .5 2 —.102 .014 023 —.020 .013 907 .808 .895 .585  .809
4 .95 0 —.609 —.274 —.220 —.405 .000 .023 .220 .000 .950 746
6 .95 0 —.441 —-.189 —.128 —.290 .000 .016 .332 .000 .945 .870
8 .95 0 —.346 —.146 —.088 —.225 .000 .014 419 .000 .934 915
12 .95 0 —.243 —.101 —.051 —.154 .000 014 .520 .000 1922 1940
4 .95 2 —.511 —.152 —.111 —.330 .000 370 .620 .001 947 729
6 2
8 2
2 2

[y

Model: y;: = ajo + YoYit—1 + Eit, Eit ~ N(O,US)A Data generated with N = 100, crg =1, ajp ~ N(0,1),
vio ~ N(a0/(1 —v0),%%02/(1 —42)). 10,000 Monte Carlo replications.

5. DETAILS FOR THE AVERAGE DERIVATIVE OF THE SURVIVAL FUNCTION

With ¢(-) the standard normal density, 4 the within-group estimate, 52 the mean squared residual, a;(7y, o) =
% ZtT=1(yit — YYit—1), and Yir = yir — % Zthl Yit, the relevant expressions to form an estimate of o2 are
it = pit (7, 05, i) = 79 (qie) /o, Git = (i +Yie-1)/0,
Vailtit = =it ftit | 0, v'ya,uit = it (1 = YqitYir—1/0) /s
Vi = pit (¢ — 1) /o, Vit = Yit — @ — VYir—1,

T
_ 1 R
V,ai(y,0) = 7 E Yit—1, Vsai(y,0) =0,
t=1

and

N T

o T-1 1 (7 0 L R

EZNTQZZGZ( ”01 32 -1 ) it = (Yit — VYit—1) /0
i=1 t=1 ¢

together with those given in the main text.

6. DETAILS FOR THE HIGHER-ORDER EXPANSIONS IN THE LOGIT MODEL
Suppose that the binary variable y;; is generated by
yir = Hay + 0y 1 +eie > 0},

where e;; is i.i.d. with cdf A(u) = e*/(1 + €*). We observe y;; for t = 0,...,T. We work with the likehood
function that conditions on the y;0. The true values a;g are assumed to be i.i.d. draws from some (unknown)
distribution G.

Suppose, initially, that G is degenerate. We omit the index i. Let y = (yo,...,yr) be a binary sequence

of length T + 1. For every possible y, define the vector of relative transition frequencies w = w(y) =
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(woo, wo1, w1p,w11)" € A3, where
Wwoo = % Zthl 1(ys—1 = 0,9, = 0), wop = % Zthl L(yi—1 = 0,9, = 1),
wip = # 23:1 L(yi—1 =1,y = 0), wiy = F 23:1 Lyi—1 = Ly = 1),
and A? is the 3-dimensional unit simplex. Also, define the vector of model transition probabilities p =
p(, 0) = (poo; po1, P10, p11)’, where
poo = Prlys = 0lys—1 = 0;0,0] = A (—a), po1 =1 —poo = A(a), (8.6.1)
p1o = Prlys = 0lye—1 = L, 0] = A(—a — 0), p1=1—-po=A(a+9).
The contribution of any observed sequence y to the profile log-likelihood depends on y only via w = w(y)
and is given by
1o(68) = w'log p(aw (0). 6),
where
() = arg glgj(w' log p(c, 6)
(we write o, () instead of @(#)). The profile log-likelihood for N = oo is

I7(0) = E[w' log p(a, (6), 0)], (S5.6.2)

where the expectation is over w. Let ©o = E[w]. Note that w depends on 6§y and G but not on 7. We obtain

lo(0) from I7(0) by replacing c, (#) with
0z (0) = arg max E[w' log p(a, )],

which gives
lo(0) = E[w' log p(aw(6), 0)] = @’ log p(aw(6), 0). (5.6.3)
We can write (S.6.2) and (S.6.3) more compactly as

lT(G) = E[g(wv 9)}7 ZO(G) = g(wv 0)7

where we define g(v,0) = v'log p(a,(0),0) for every v = (vgo,vo1,v10,v11) € A3, A closed-form expression

for «,(0) is given below. Hence, given that
0) = ZPr(w)g(w 0

where Pr(w) is the probability of obtaining w, we can calculate I7(0) and ly(0) exactly.

We now examine the expansion of I7(6). Because w is a sample mean converging to @ and because all mo-
ments of w exist, we can expand I7(0) = E[g(w, #)] around the point w = w provided that, roughly speaking,
g(v, 0) is sufficiently smooth in v for every §. We use the following notation. For ¢ = (qoo, qo1, ¢10, ¢11)" € N*,
let V,g(v,0) = 8"9(v,0) /008 ... 009", where //q is the sum of the elements of ¢, and (w — w)? =
;0,1 (w;; — @)% . We show below that g(v,6) is bounded in v on A* and that, for all ¢, V,g(v,0)
is bounded in v on a neighborhood of w. Therefore, by Theorem 2 of Hurst (1976), it follows that, as
T — o0,

Elg(w,0)] = g(w,6) +Z Z qojg @.9) {El(w — )] +O(T+1/?)
J=1vq=j

for every k. Furthermore, for every g,

E[(w — )] = Z CTT(,(.Z)
=L(q+1)/2]
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with coefficients ¢, (q) depending on r and ¢ but not on T'. On collecting terms of the same order, we conclude
that I7(0) satisfies the expansion in (2.5) for every 6 and any k.

So far we have assumed that G is degenerate, i.e., ajo = g for all i. The functions I7(0) and Iy(6) and
the functions C;() that appear in the expansion all implicitly depend on «p. When G is non-degenerate,
these functions have to be replaced with their integrals with respect to G provided that the integrals exist.

A sufficient condition for the existence of the integrals is that G has bounded support.

Technical details — After some algebra, we obtain a,, () in closed form:
a,(0) = arg mgiwl log p(a, 0) = —log x, (S.6.4)
«

where

Ty =

1
- (av +bye? + \/(av + bve(’)2 +4(ay +b, +1) 69> ,

2
_ Voo — V11 b — V10 — Vo1
v T v T
vo1 + V11 vo1 + V11

and with the understanding that limits are taken as v approaches the boundary of A3. In particular, as
vo1,v11 — 0, we have a, — oo or b, — o0, implying z, — oo and «,(0) — —oo; and, as vgg, v19 — 0, we
have a, + b, +1 — 0, x, — 0, and «, () — oco. Note also that a, + b, + 1 > 0, ensuring x,, > 0. Using
(S.6.1) and (S.6.4), we have

g(v,0) =v"log p(, (), 6)

Ly

1 Ty 1 el
+ vi9log —— + v11 log ——
! e? + z, 1 e? + z,

Vo1 1o
1—|—xv+ ot gl—l—mv

=A+B+C+D (say).

= Vo log

To show that g(v,#) is bounded in v on A3 it suffices to examine A and C as z, — 0 and B and D as
x, — 00. When z,, — 0, we have a, + b, +1 — 0, vgg — 0, v19 — 0, vgo logz, — 0, and vyglogzx, — 0, so
A and C are bounded. When z,, — oo, we have a, + b,e? — 0o, vo1 — 0, v11 — 0, vo1 log(1 + x,,) — 0, and
v11 log(1l + x,) — 0, so B and D are bounded. We now examine the partial derivatives of g with respect to

v in a neighborhood of . Consider the term A. Because = is an interior point of A3, z, is bounded away

T
14+x

of z, and so are its derivatives of all orders. Further, z,, viewed as a function of a, and b,, is bounded in a

from zero and infinity in a neighborhood of w. Therefore, the function log

is bounded in a neighborhood

neighborhood of a and b, and so are its partial derivatives of all orders with respect to a, and b, because
the square-root term that appears in z, is bounded away from zero. Finally, the partial derivatives of a,
and b, of all orders are bounded in a neighborhood of w because the denominator of a, and b, is bounded
away from zero. By the chain rule, the partial derivatives of A of all orders are bounded as required. By the

same reasoning, the same is true for B, C, and D. O

7. UNINFORMATIVENESS AND SEPARATION IN BINARY PANEL DATA

The maximum-likelihood estimator of a dynamic binary panel model with fixed effects may be indeterminate
or infinite. This occurs when the profile likelihood is flat or when its maximum is reached at infinity,
respectively. We characterize these situations for binary AR(1) data without covariates or with one covariate.’

This leads to an explicit derivation of Ty, and T7

min*

' The problem of data separation in binary and multinomial data is well known in the cross-sectional setting. Albert and
Anderson (1984) give a complete taxonomy for multinomial data.
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7.1. Binary choice without covariates

The model is y;: = 1(a; + pyir—1 — €ix > 0), where the cdf of €;;, say F', is continuous and strictly increasing

on the real line. The contribution of unit ¢ to the profile log-likelihood is
lAl(p) = max {A4;log (1 — F(;)) + B;log F(a;) +C;log (1 — F(a; + p)) + Dilog F(a; + p)}, (S.7.1)

where
A, =T"1 Zthl 1(yit—1 = 0,y = 0), B,=T"! ZtT=1 L(yit—1 = 0,yit = 1),
C,=T7! Zthl 1(yit—1 = 1,yit = 0), D, =T7! Zle 1(yit—1 = Ly = 1),
are transition frequencies.

Let p; = arg maxpi\i(p) and p = argmax, N * ZZ]\;Z(P) A sequence y; = (Yio, - - -, YiT) 18 uninformative

if Z\Z(p) is constant. This occurs if and only if
AizBi:OOrCiZDi:OOI'AZ‘ZCI‘:OOI‘BI‘ZDZ':O. (872)
The “if” part follows from noting that E(p) corresponding to the four cases in (S.7.2) is

() = max {C; log (1 — F(ay + p)) + Di log Fla; + p)} = max {C; log (1 — Flay)) + Dy log Flay)},

)

o~

i(p) = max {A;log (1 — F(a;)) + B log F(a;)},

)

o~

~

)
(»)
i(p) = max {B;log F(;) + Dilog F(a; + p)} Bilog F(+00) + D;log F(+00 + p) =0,
i(p) = max{A;log (1 — F(a;)) + C;log (1 — Fai + p))} =0,

respectively. In each case l:(p) is constant. For the “only if” part, if (S.7.2) does not hold, then either B; # 0
and C; # 0, or at most one of A;, B;,C;, D; is zero (note that B; = C; = 0, A; # 0, and D; # 0 cannot
jointly occur). In all of these cases, lAl(p) can be taken to —oo by taking p to —oo or +oo, while l:(p) is finite
if p is finite; hence Z(p) is non-constant. Because p; is indeterminate if and only y; is uninformative, p is
indeterminate if and only if all y; are uninformative. Uninformative sequences are removed, as they do not
affect p. A sequence y; is monotone if B; = 0 or C; = 0. A sequence y; is semi-alternating if A; = 0 or
D; = 0. We have p; = +oo if and only if y; is informative and monotone, and p; = —oo if and only if y;
is informative and semi-alternating. Suppose there is at least one informative sequence. Then, p = +oo if
and only if all informative sequences are monotone, and p = —oo if and only if all informative sequences are
semi-alternating. When T' = 2, there are eight possible sequences y;. Only two of these, (0,1,0) and (1,0,1),
are informative. Both are semi-alternating, so either p is indeterminate or p = —oo, implying ps = —oo and
Trmin > 2. Further, both have A; = D; =0, B; = C; = 1, and

Ti(p) = mas 5 {log Fla) +log(1 — Fo + p))} = Mp) (say).

It follows that l3(p) = mA(p) + ¢, where 7 is the probability that y; is informative and c¢ is an inessential
constant. Hence T} ;.

and others are semi-alternating, for example, (0,1, 1,0). Hence Tinin = 3.

= 2. When T = 3, some informative sequences are monotone, for example, (0,0,1,1),
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7.2. Binary choice with a covariate

The contribution of unit ¢ to the profile log-likelihood is

1; (p, maxT ! Z {4;log (1 — F(a; + Bxit)) + Bilog F(ay; + i)
—l—C’z log (1 — F(a; + p+ Bxi)) + Dilog F(a; + p+ Brir)},

with A;, ..., D; as before.

Assume that z;; # x4 for t # t'. Let (p;, Bl) = arg maxp,gl:(p, B) and (p, E) = argmax, 3 N ! vazl l:(p, B).
A sequence y; is uninformative about By ifl:-(p, B) is constant in 3, which occurs if and only if A; = C; =0
or B, = D; = 0. A sequence y; is uninformative about pg if l:-(p,ﬂ) is constant in p, which occurs if and
only if (S.7.2) holds. The maximum-likelihood estimator (p or E) is indeterminate if and only if all y; are
uninformative about the corresponding parameter. Indeterminacy of 3 implies indeterminacy of p. Remove
the sequences that are uninformative about py so that any remaining y; is informative about pg and 5y. A

sequence y; is separable if there exists (p, ) # (0,0) such that
PYit—1 + Bxi > pyip—1 + Bry  forall t,t" >1:yy =1 and y;r = 0. (8.7.3)

p; = £o0 or B; = too if and only if y; is separable, and p = +oo or B = oo if and only if all y; are jointly
separable, i.e., there exists (p, §) # (0, 0) such that (S.7.3) holds for all 4. To check for joint separability, let
Tf’b ={t:yit—1 = a,y;t = b} for a,b € {0,1}, define the intervals

Xa,b _

. . a,b
{ [mmteTia,b ity MAX; o Tt it T, #+ @,
1

@ if 7" = &,
and note that (S.7.3) holds for all 7 if and only if

BXM 5 pX0,  pxM > pxI, for all

74
BXYT > p+ X0 BXT > —p+ XYY, forall g, (8.7.4)

where S7 > S means s1 > so for all s; € S and sy € So. It suffices to check whether (S.7.4) has a non-zero
solution with 8 € {—1,0,1}. For 8 = 0, there is a solution with p # 0 if and only if all y; are monotone
(because then either X? L or Xi1 % is empty) or all y; are semi-alternating (because then either Xil’1 or XZQ 0
is empty). For g € {—1, 1}, define
Pmax(8) = max{p: X > p+ X0 for all i}, Pmin(B) = min{p : BX" > —p 4+ X0 for all i}.
Thus, if and only if
X?71 > X?’O7 Xl.l’1 > Xil’o7 for all i;  pmax(1) > pmin(1);
or
XZ.O’1 < XZ.O’O7 Xil’1 < Xil’o7 for all i;  pmax(—1) > pmin(—1),

is there a solution with g € {—1,1}.

8. EMPIRICAL APPLICATION

Table S.3 presents descriptive statistics of the data used in the empirical application. Table S.4 provides the

estimation results of the model

yir = Haio + Yovit—1 + 2500 + diyBo > €it},
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where ¢;; are independent standard-normal innovations, x;; is the same vector of time-varying covariates as

in the main text, and d;; is a set of year dummies.

Table S.3. Descriptive statistics

mean and standard deviation (in parentheses) over all units (1461 observations)

year 1980 1981 1982 1983 1984 1985 1986 1987 1988
lagged participation 722 707 .695 .692 711 746 .740 741 735
(.448) (.455) (.461) (.462) (.453) (.435) (.439) (.438) (.441)

# children 0-2 323 331 318 .261 211 .190 .168 137 .103
(.528) (.537) (.533) (.494) (.455) (.440) (.408) (.363) (.325)

# children 3-5 .307 313 321 .330 337 .320 .268 215 185
(.524) (.525) (.535) (.524) (.540) (.541) (.505) (.463) (.430)

# children 6-17 934 .960 973 1.015 1.034 1.077 1.124 1.164 1.165
(.138) (1.124) (1.102) (1.081) (1.068) (1.062) (1.064) (1.081) (1.109)

husband income 39.200 39.041 39.115 40.541 43.039 43.572 44.485 45.580 46.038
(23.514)  (23.598) (30.601) (34.375) (41.915) (39.798)  (42.621) (53.411) (55.784)

age 33.310 34.251 35.300 36.279 37.288 38.358 39.272 40.309 41.336

(8.841)  (8.848)  (8.829)  (8.861)  (8.863)  (8.847)  (8.845)  (8.837)  (8.857)

mean and standard deviation (in parentheses) over units who change participation status (664 observations)

year 1980 1981 1982 1983 1984 1985 1986 1987 1988
lagged participation 580 538 511 505 547 623 610 613 599
(.494) (.499) (.500) (.500) (.498) (.485) (.488) (.487) (.490)

# children 0-2 A11 434 408 336 262 238 199 157 108
(.572) (.595) (.577) (.547) (.498) (.483) (.429) (.388) (.330)

# children 3-5 372 381 407 423 444 408 339 271 229
(.559) (.564) (.582) (.563) (.586) (.582) (.556) (.514) (.462)

# children 6-17 840 .908 955 1.035 1.098 1.181 1.264 1.355 1.378
(1.109)  (1.116)  (1.095)  (1.075)  (1.078)  (1.079)  (1.070)  (1.105)  (1.139)

husband income 40.340  40.693  40.402  42.714 45742 45925  46.921  47.749  48.438
(23.838)  (24.445) (33.351) (41.737) (49.612) (44.334) (50.015)  (49.305)  (54.358)

age 31.574 32526 33.565  34.559 35592  36.622  37.544  38.581  39.611

(8.320)  (8.318)  (8.300)  (8.342)  (8.352)  (8.317)  (8.320)  (8.309)  (8.333)

Data source: PSID 1979-1988.

Table S.4. Female labor-force participation: Estimation results including time dummies

model parameters

0 01/2 Orx O 01/2 Oan Oc
lagged participation 757 1.351 .994 1.034 1.057 .982 1.096
(.043)  (.053)  (.043)  (.043)  (.053)  (.043)  (.043)
# kids 0-2 —.553 —.639 —.478 —.436 —.534 —.473 —.409
(.058) (.087) (.058) (.058) (.087) (.058) (.058)
# kids 3-5 —.290 —.360 —.226 —.203 —.256 —.188 —.188
(.053) (.091) (.054) (.054) (.091) (.054) (.054)
# kids 6-17 —.074 —.145 —.055 —.049 —.063 .032 —.038
(.043) (.078) (.043) (.043) (.078 (.043) (.043)
log husband income  —.252 —.313 —.233 —.213 —.257 —.010 —.214
(.055) (.075) (.056) (.056) (.075) (.055) (.056)
age 2.333 1.762 2.094 1.832 2.170 —.144 1.814
(.627)  (1.082) (.636) (.636) (1.082) (.631) (.639)
age squared —.244 —.151 —.212 —.188 —.222 .014 —.187

(052)  (.118)  (.053)  (.053)  (.118)  (.052)  (.053)

Coefficients for age and age squared are multiplied by 10 and 100, respectively. Standard errors in parentheses.
Data source: PSID 1979-1988.
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