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1 Introduction

Estimation and inference in the presence of nuisance parameters is a central problem in
econometrics and statistics. The generalized method of moments (GMM, Hansen, 1982)
provides a unifying framework for a vast range of estimators, from ordinary least squares and
instrumental-variable estimation to maximum likelihood and causal-inference procedures. In
all these settings, the parameter of interest must be estimated in the presence of additional
unknown quantities. The accuracy with which these nuisance parameters are estimated can
have a substantial effect on inference for the parameter of interest.

In such a setting, it is helpful to work with estimating equations that are orthogonal to
the nuisance parameters in the sense of Neyman (1959). (First-order) orthogonality means
that the first derivative of the expected estimating equation with respect to the nuisance
parameter vanishes at the true parameter values.! First-order Neyman orthogonality, when
combined with sample splitting, permits construction of \/n-consistent estimators as long as
the nuisance parameter is estimated at a rate faster than n~"*, where n is the sample size
(Chernozhukov et al., 2018).

The faster-than-n~"* requirement is binding in many important problems. It fails when
the nuisance parameter is high-dimensional relative to the sample size, when its convergence
rate is slow, or both. One example is panel data with individual fixed effects, where the
incidental parameter problem persists under first-order orthogonality (Neyman and Scott,
1948; Li, Lindsay and Waterman, 2003; Hahn and Newey, 2004; Jochmans and Weidner,
2019; Kline, Saggio and Sglvsten, 2020). Another example is high-dimensional regression
(e.g., Mikusheva and Sglvsten, 2025), where approximate sparsity conditions are needed for
post-double-Lasso inference to be valid (Wiithrich and Zhu, 2023; Sur and Candes, 2019).
Two further examples are instrumental-variable estimation, where machine-learning-based
variable selection introduces biases that first-order corrections can fail to offset (Angrist and
Frandsen, 2022), and nonparametric models with moderate-dimensional nuisance functions,
where minimax rates for estimating those functions fall short of n=* (Robins, Li, Tchetgen
and van der Vaart, 2008; van der Vaart, 2014).

A natural response is to go beyond first-order orthogonality. Mackey, Syrgkanis and
Zadik (2018) formalized the concept of ¢-th order Neyman orthogonality. The condition

requires that all derivatives of the expected estimating equation with respect to the nuisance

!Neyman-orthogonal estimating equations play a central role in semiparametric estimation (Bickel,
Klaassen, Ritov and Wellner, 1993; Newey, 1994). They are also at the heart of the recent literature
on debiased inference in high-dimensional models (Belloni, Chernozhukov and Hansen, 2014; Javanmard
and Montanari, 2014; van de Geer, Bithlmann, Ritov and Dezeure, 2014; Zhang and Zhang, 2014) and on
double/debiased machine learning (Chernozhukov et al., 2018).



parameter, up to order ¢, vanish at the true parameter values. They showed that ¢-th
order orthogonality, again combined with sample splitting, permits valid inference when the
nuisance parameter converges at rate n~ 72« for example, the rate requirement drops from
n~Y* to n="° in going from first to second order. Constructing moment functions that are
orthogonal beyond first order has nevertheless proved difficult. This paper provides general
constructions of ¢g-th order Neyman-orthogonal moment functions for parameters that satisfy
parametric unconditional moment conditions, with a separate target functional. We derive
a closed-form, non-recursive expression for the g-th order orthogonal moment function in a
general parametric setting where both the target moment function and the one that identifies
the nuisance parameter can be nonlinear.

The orthogonal moment function depends on multiple independent copies of the data,
and it features a generalized inverse of a Jacobian matrix as an additional nuisance param-
eter whose dimension does not grow with the orthogonalization order q. We first provide
explicit moment functions in the case where the moment function for the (original) nuisance
parameter is affine; this covers linear regression, instrumental-variable estimation with lin-
ear moment conditions, and grouped data models with unit-specific intercepts or slopes. We
then extend our construction to the case where both moment functions are nonlinear, in
which case additional correction terms are needed. Our explicit expression for orthogonal
moment functions in the nonlinear case is based on rooted trees. A noteworthy feature of our
approach is that the dimension of the additional nuisance parameter can be dramatically
reduced: by replacing the moment function with a transformed version constructed from
subdeterminants of the Jacobian matrix, the nuisance can be reduced to a single scalar, even
under overidentification.

Our paper is related to several recent contributions. Mackey, Syrgkanis and Zadik (2018)
provide an explicit second-order orthogonal moment for the partially linear regression model,
but only when first-stage errors are non-Gaussian; they prove an impossibility result under
Gaussianity. Their constructive results do not extend to general models. Our constructions
circumvent this impossibility because we rely on independent copies of the data and on or-
dinary finite-dimensional derivatives, rather than on functional derivatives. An approach
to constructing ¢-th order orthogonal estimating equations for conditional-likelihood models
was provided in Bonhomme, Jochmans and Weidner (2025). In recent independent work,
Chetverikov, Sorensen and Tsyvinski (2026) propose a recursive formula for Z-estimation
problems and apply it to a “triple-Lasso” estimator with second-order orthogonality. Like
our construction, theirs uses independent copies of the data. They also provide numerical
evidence that higher-order orthogonality can substantially improve coverage of confidence

intervals. Their construction differs from ours in several respects. In particular, they in-



troduce new nuisance parameters at each recursion step, so the nuisance dimension grows
with the order of orthogonality. They also restrict attention to exactly-identified moment
conditions. In a different direction, Robins, Li, Tchetgen and van der Vaart (2008), van der
Vaart (2014), and Robins, Li, Mukherjee, Tchetgen and van der Vaart (2017) develop higher-
order influence functions and U-statistic-based estimators for nonparametric models. Those
results rely on nonparametric von Mises expansions that hold only approximately. They also
do not provide explicit constructions for parameters defined by finite-dimensional moment
conditions.

The rest of the paper is organized as follows. Section 2 describes the setup. Section 3
illustrates the main ideas in a heterogeneous-coefficient model for grouped data. Section 4
presents the general construction for the affine case and the nonlinear case, in turn, and
also gives a nuisance-dimension reduction technique. Section 5 reports implementation and
simulation evidence for the heterogeneous coefficients example. Section 6 establishes the
asymptotic distribution of the resulting estimator. Finally, the Appendix contains proofs

and additional formulas.

2 Setup

2.1 Model and parameter of interest

We observe a sample {W; : i = 1,...,n} from an unknown distribution . Consider a

model defined by two moment conditions,
E[g(Wi, 00,m0)] = 0, E[m (Wi, 0o,m0)] = 0, (1)

where 0, € R% is the parameter of interest and 1, € R% is a finite-dimensional nuisance
parameter. The functions g(W;, 0,n) € R% and m(W;,0,7n) € R are known. All expectations

are taken with respect to F.

Assumption 1 (i.i.d. sample). The observations W1, ..., W, are independent and identically

distributed draws from PF.

The first moment condition identifies 7, for given 6. We assume d,; > d,,, which allows
the nuisance parameter to be either exactly identified or overidentified. The second moment
condition is used to identify #,. We take m to be scalar throughout, purely for notational
convenience. In practice one will often have m(W;, 0, 1) € R with d,, > 1, in which case our
orthogonalization construction is applied to each component of m separately. Identification

of 6y in a given application requires d,, > dy, and the target-moment system in # may itself
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be exactly identified or overidentified. These identification considerations do not affect the
orthogonalization construction that we present.

Our goal is to construct a Neyman-orthogonal moment function v that replaces the target
moment function m. The orthogonal moment function has expected derivatives in n that
vanish up to order ¢ at the true parameter values, which makes it less sensitive to estimation
error in 7. To achieve orthogonality to a given order, our construction relies, in addition to
m, on a moment condition for the nuisance parameter, E[g(W;, 6y, 10)] = 0.

Lastly, in our setup, 7 is a vector of finite dimension (which may grow with the sample
size). The possible extension to infinite-dimensional nuisance parameters, as in the literature
on higher-order influence functions (Robins, Li, Tchetgen and van der Vaart, 2008; van der
Vaart, 2014), is left for future work.

2.2 Nuisance parameters and the Jacobian inverse

Let 0, be the gradient with respect to 1. Our construction requires a left inverse of the
dg X d,, Jacobian matrix

Jo = E[ang(m,eoﬂloﬂ- (2)

Let Ag be a d, x d, matrix satisfying AgJy = Ig,. When d, = d, and J, is invertible,
Ao = Jy''. When d, > d,, and J, has full column rank, we can set Ag = (J§ Q71 Jy)~1J; Q71
for a positive-definite weight matrix 2.

The matrix Ay enters as an additional nuisance parameter in our construction. We
parametrize it as A()) for a finite-dimensional parameter A\ € R%, with true value )\ satis-

fying A(Ag) = Ag. The simplest choice is A = vec(A), giving dy = d,, - d,,.

Assumption 2 (Jacobian left inverse). The Jacobian matriz Jy has full column rank, so a
left inverse Ay with AoJo = 14, exists. The map X — A(X) satisfies A(Xg) = Ao.

While the dimension dy does not enter the orthogonalization construction itself, dy does
matter in applications, because the accuracy with which A can be estimated depends on
dy, with a smaller d) potentially leading to a more accurate preliminary estimate. For
this reason, Section 4.3 develops techniques that reduce dy, to a single scalar if desired, by
replacing the moment function g with a suitably transformed version.

We first briefly illustrate the setup with two cross-sectional examples, and we will study

a grouped data model in more detail in the next section.

2In our construction, the parameter @ plays a passive role. It is carried through as an argument of m
and g. Only after the orthogonal moment function has been constructed does 6 enter the analysis as the
parameter to be estimated, through the orthogonal moment equations. Thus, one could drop 6 from most of
the formulas in Sections 3 through 4 without changing their content, but we retain it throughout the main
text to avoid notational confusion.



Example 1 (Linear instrumental variables, including linear regression as a special case).
Let W; = (Y;, Dy, Z;, X;) with D; € R a regressor of interest, Z; € R an instrument satisfying
E[Z;D;] # 0, and X; € RE exogenous controls. Consider

Y; =Dio+ Xino+U;,  E[X;U]=0,  E[ZU]=0.
The parameter of interest is 6 € R. The framework (1) applies with

Both moment functions are affine in 1, and the Jacobian is Jy, = —E[X;X/], so Ay =
—(E[X;X]/])~! is minus the inverse of the population second-moment matrix of the controls.
The special case Z; = D; corresponds to linear regression with high-dimensional controls,
in which 6y is the coefficient on D; in the projection of Y; on (D;, X;) and the additional

moment condition E[D;U;] = 0 is needed for identification.

Example 2 (Mean of a nonlinear function of a generated regressor). As an instance of
the two-step generated-regressor setting studied by Cattaneo, Jansson and Ma (2019), let
W; = (R;, X;) with R; € R and X; € R% and let f be a known nonlinear function. Define
no = (E[X; X)) 'E[X;R;] as the coefficient of the linear projection of R; on X;, so that

Wi = X/no is the population fitted value. The parameter of interest is
O = E[f (1)) = E[f(Ximo)]-
The framework applies with
g(Wi,0.n) = Xi(Ri = Xin),  m(W;,0,n) = f(Xin) - 0.

Here g is affine in 1, but m is nonlinear in n through f.

Remark 1 (A as a by-product of estimating n7). Although Assumption 2 formally introduces
A()) as an additional nuisance parameter, in practice A is often a by-product of estimating
n rather than a separate quantity. This is most transparent in the affine case. In Example 1,
computing the least-squares estimator of 1 requires inverting the sample second-moment
matrix n=! 3, X; X/, and that inversion already delivers an estimator for A at no additional
cost. The same is true in nonlinear settings, where the Jacobian inverse at the solution 7 is

computed as part of the numerical optimization.



2.3 Higher-order Neyman orthogonality

Let ¢»(Wy,...,Wr;0,n,\) € R be a moment function that depends on L > 1 independent
copies of W;, the parameter of interest 6, the nuisance parameter 7, and the Jacobian-inverse

parameter A. Define the population moment
(0,n,A) = E[(Wh,...,Wg;0,n, ). (3)

Definition 1 (Higher-order Neyman orthogonality). For q € {1,2,3,...}, the moment func-
tion 1 is g-th order Neyman-orthogonal if

(6o, 10, o) = 0,
8,?8/’3@(00,770,/\0) =0 for all multi-indices (o, 5) with 1 < |a| + 5] < g, (4)

where o = (v, ...,0q,) and 8 = (B1,...,Ba,) are vectors of non-negative integers, |a| =

>y, and 8,3‘85 = Qlel+I8l/(anpr - - - 3773:"3/\[131 . 8)\5?),

When g = 1, Definition 1 reduces to the standard Neyman orthogonality condition. When
g = 0, no orthogonality is required and (W;;0,n) = m(W;,0,n) suffices (with L = 1). The
condition (4) imposes orthogonality in  and A jointly. Beyond the pure n-derivatives and
pure A-derivatives of U, it also requires all mixed derivatives 8,‘;‘85 U with |a| > 1, |8] > 1, and
||+ 58] < ¢ to vanish at the true values. The pure n-conditions control bias from estimating
the original nuisance parameter, the pure A-conditions control bias from estimating the
Jacobian inverse, and the mixed conditions control bias arising from the interaction of the
two estimation errors in the Taylor expansion of W. All three kinds of condition are necessary

for ¢-th order orthogonality.

Estimation. Given an i.i.d. sample {W; : i = 1,...,n}, the natural sample analogue of

the population moment (6,7, \) is the U-statistic

1 n

01,0, =1
all distinct

U, (0,1, ) ==

An estimator 0 of 6 is obtained by solving ¥,,(6,7, ) = 0, where 7 and X are preliminary
estimators of the nuisance parameters. To ensure that the estimation error in (7, X) does
not contaminate the U-statistic, the sample is split into two independent parts. One part is
used to construct  and 5\, and the other is used to evaluate W,,. Efficiency can be improved

by cross-fitting, that is by swapping the roles of the two sample parts and averaging, as in



Chernozhukov et al. (2018).

The key consequence of ¢-th order orthogonality is that, under appropriate regularity
conditions, the estimator satisfies 6 — 6y = O, (||l — nol|7t! + || — Ao||9*" + n~/?), since
all lower-order terms in the Taylor expansion of W around (fy, 19, \g) are of smaller order
because of the orthogonality conditions. Valid inference is therefore possible even when the
nuisance parameters converge at rates much slower than n~="* provided ¢ is chosen large

enough. We provide more details on the asymptotic theory in Section 6.

3 Illustration: a heterogeneous coefficients model

Before presenting the general construction of higher-order orthogonal moment functions, we
illustrate the main ideas in a concrete example.
Consider a grouped data model with heterogeneous coeflicients,
}/it:XétniO—i_Uita izl,...,N, tzl,...,T, (5)

for a scalar outcome Yj; and a d,-dimensional covariate vector X;;, under the uncorrelatedness

condition
E[XitUit]:(), izl,...,N, tzl,,T (6)

Such models have been studied extensively under the mean independence condition E[U}; |
Xit, ..., Xir] = 0 (e.g., Chamberlain, 1992). Condition (6) is weaker, since it does not
restrict the conditional mean of Yj; given X;; to be linear. The coefficients ;o are the best

linear predictors,

T 1 T
Nio = (E[ZX@X&D E[ZX%Y#]-
t=1 t=1

We focus on the target parameter

1 N
O = N ;m(’f}io)7

where m is a smooth scalar function. The mean and second moment of the components of 7;o
are natural choices, for example to quantify the level and dispersion of the coefficients across
units. As an application, Kline, Rose and Walters (2022) study employment discrimination
by sending randomized fictitious job applications to firms and measuring callbacks Y;;. There,
10 captures how each firm ¢ responds to applicant characteristics X;; such as race, gender,
and age, and moments of 7,y quantify the extent and variation of discrimination across firms.

This model fits the framework of Section 2. For each unit 7, write the observation at ¢ as



Wi = (Yit, Xit). The nuisance-identifying moment function is
9Wir, 0,mi) = X (Yie — Ximi),

and condition (6) is equivalent to E[g(Wi, 0y, mi0)] = 0 for every ¢. The Jacobian-inverse
nuisance parameter is Ayy = —(E[X;X}])™!, and the target-moment function for a given
unit ¢ is m; (Wi, 0,m;) = m(n;) — 0.

The observations W;, (i.e., job applications) are independent across t for each i (i.e.,
within each firm). The moment conditions for 7,y are affine in 7;, so this example falls within

the affine case of Section 4.1 below. The ordinary least-squares estimators

T -

Aots = <ZX#XZ;> S XuYy, i=1,..,N,
t=1 t=1

are noisy when 7" is small, and the plug-in estimator P8 = (1/N) >N m(7°88) is biased.

Our approach constructs alternative estimators with reduced bias.

To apply the framework from Section 2 to this setting, let us fix a single unit ¢ and
consider a sample of observations for t = 1,...,7. Each observation W, plays the role of
W; in Section 2, the pair (1m0, Aig) plays the role of (g, Ag), and the orthogonal moment
function ¢ becomes a function of several observations for the same unit. The U-statistic
constructions that follow are therefore applied across t within a unit. The unit dimension
1 =1,..., N plays no role at the orthogonalization stage. It enters only through the final
step, in which the unit-level orthogonal moment functions are averaged over i to form the

estimator of 6,.°

3.1 Main ideas

Since the problem stratifies across units, we focus on a single unit ¢ and describe the con-

struction at the unit level. It is useful to introduce the reparameterization A;y = _Ai_Ol and

bio = —Ajg'mi0, with a;o = vech(A;y) denoting the vector that contains the elements of Ay.
The construction relies on three observations.

The first observation is that A;y and b;y admit simple unbiased estimators:

E[XuX}] = A, E[Xi:Yii] = bio. (7)

3An equivalent approach is to stack (110, ...,7n§0) into a single nuisance vector of dimension N dy, and
treat the full data set of n = NT observations as one sample to which the Section 2 construction is applied
directly. The two routes produce the same orthogonal moment functions. We adopt the unit-by-unit view
because it keeps the effective nuisance dimension bounded as N grows and because it is conceptually simpler.



The second observation is that any polynomial P(a, b;p) admits an unbiased estimator.
Each element of (a9, bj) has an unbiased estimator by (7). Since observations are indepen-
dent across ¢, one can combine estimators from different ¢ observations to produce unbiased
estimators of powers and products. For example, when d,, = 1, an unbiased estimator of
afy = (E[X7])? is X7 X5, since E[X7 X2] = E[X7]|E[X3] = af,.

The third observation is that m(n;) can be approximated by a polynomial in (a;, bi).
Writing m(ni) = ¢(aq, bio) with ©(a,b) = m(A~1b), the function ¢ has a singularity at
det A = 0 and so cannot be globally represented as a polynomial. However, given preliminary
estimators A; and 7; that are independent of the remaining data, one can expand locally:

setting a; = —vec(]\;l) and b; = —/A\i_lﬁi,

1 o~ ~a T
m(i) = Y al ol 020y (s, by) (aio — @;)* (bio — b:)” + Ry, (8)

lof+[B|<q

where the remainder R,; depends on powers of order ¢ + 1 in a;0 — @; and by — BZ Each
term (a0 —a;)*(bio —E»)B admits an unbiased estimator built from independent observations.
This yields an approximately unbiased estimator of m(n;0) based on a g-th order orthogonal
moment function.

In practice, the preliminary estimators A; and 7; are obtained by holding out a set of ¢
observations. Efficiency can be improved by cross-fitting. A feature of this construction is

that the nuisance parameters A; and 7; do not change with the order of orthogonalization,

q.

3.2 First example: the normal-means model without normality

Consider first the special case without covariates,
Y;t:niO+Uit7 E[Ult]:(), Z‘Zl,...,N, tzl,...,T, (9)

where U are i.i.d. but not necessarily normally distributed. This is the Neyman and Scott
(1948) model without the normality assumption. Here d, = 1 and A,y = —1 is known, so 7o
is the only nuisance parameter.

A g-th order Taylor expansion of m(n;y) around a preliminary estimator 7; gives
d A)
m(nio) Z

k=0

7710 - 771) + Rq,i'

10



)7730 (—1;)*77 and interchanging the order of summation,

4 4 0km N\
m(ni) = ( : . k'< ) <k> (_ﬁi)k_]> Mo + Rgsi-

J

Since, by independence and E[U;] = 0,

an approximately unbiased estimator of m(n;) is

i(Z il <k> (—ﬁi)k‘j> f[Y (11)

= J
A lower-variance estimator is obtained by averaging (11) over all subsets of g observations,

yielding a U-statistic.

Orthogonality. Define the moment function

(Wi 0,7:) Zq: (éW <k> (—m)’”) f[lY -0, (12)

J

where W; = (Yj1,...,Yir). Using (10), reversing the order of summation, and applying the

binomial theorem, we have

)

E[¢(Wi;0,m;)] Z (io — m:)* — 0. (13)

At (010,7710) with 6;0 = m(n;0), the right-hand side equals m(n;y) — 0,0 = 0. Write f(n;) =

1o o m(m) (nio—m)*. A direct computation using the product rule shows that the derivative

telescopes.
ottm (m)

Onf (n:) = (mi0 — m:)?, (14)

which vanishes at n; = 1,9. By Leibniz’ rule, the j-th derivative of f at 1; = n;y also vanishes
for all 1 < j < ¢, since every term contains a factor (1; — ;)17 for some ¢ > 0. The

moment function ¢ is, therefore, ¢g-th order Neyman-orthogonal in the sense of Definition 1.

11



3.3 Second example: a scalar covariate at second order

We now consider the model (5) with a scalar covariate (d, = 1) and construct a second-
order orthogonal moment function (¢ = 2). Unlike the previous example, the Jacobian
inverse Ao = —(E[X2])~" is now unknown and enters as an additional nuisance parameter.

A second-order Taylor expansion of m(n;) around 7; gives
m(nio) = m(n;) + Oym(7;) (nio — ;) + 5 Oem() (1o — i), (15)

To express 0,0 —1); in terms of quantities with unbiased estimators, write a;,y = _Ai_()l = E[X?]
and by = —Ajg'ni0 = E[X;Yy]. Expanding ni = bio/as around (@i,@) = (—/A\;l, —/A\i’lﬁi) to
second order,

Nio — i & —/A\i(bz‘o — i @io) — JA\z(l + /A\z aio) (bio — i aio).

Substituting into (15) and replacing a;o and by, by their unbiased estimators (X2 and X;; Y,
respectively), we obtain the approximately unbiased estimator of m(n;)
m(7);) — Oym(7;) (/A\i(XﬂYil — 3 X5) 4+ Ni(1+ A X3) (X Vi — ﬁin?l))

1 o~ N ~ .
+ 532m(77i)(Ai(Xi1Yi1 — X)) (Ni(XioYi2 — 1, X35)).

n
The resulting moment function is
(Wi 0,13, Ai) = m(m) — ym(mi) Ai(Xan Y — i X33)

— Opm(n;) Ni(L + A X3)(XaYa — i X7)
+ %@?m(m) Ai(Xan Vi — s Xfl) N (XipYio — s Xizz) —0. (16)

One can verify that E[¢(W;; 0,0, m:, A;)] and all its first and second derivatives in (n;, A;) at

(mi0, Ajo) vanish. The moment function is therefore second-order Neyman-orthogonal.

Both constructions in this section are special cases of the general affine formula in The-
orem 1 below. The next section presents the general construction for arbitrary d, and

arbitrary order ¢, first for affine g and then for the fully nonlinear case.

4 General construction of orthogonal moment func-

tions

We now present the general construction of higher-order orthogonal moment functions. The

target moment function m(W;,0,n) is allowed to be nonlinear in 1 throughout. We first

12



treat the case where the nuisance-identifying moment function g(W;,,n) is affine in 7, and

then extend to the case where ¢ is also nonlinear.

4.1 Moment conditions affine in the nuisance parameter

Assume throughout this subsection that the moment function g(W;, 8, 7) is affine in 7, so that
0,9(W;,0,1m) does not depend on 7, whereas the target moment function m(W;, 6,n) can be
nonlinear in 7. This covers many important cases. Linear regression and linear instrumental
variables (Example 1) have g and m both affine in 7, while the average effect of a generated
regressor (Example 2) has ¢ affine and m nonlinear in 7.

We begin by introducing notation for multilinear derivatives that is used throughout this
section. For r > 1, write 0;m(Wj, 6, n) for the r-th derivative tensor of m with respect to 7.

For vectors vV, ... v € R% denote the multilinear action by

8rm(Wi7 97 77)@(1) . (T‘)

JIr

(Orm(W;,0,m), vV @ @0M) = 3

R
s Ong, - - - O,

For 7 = 1 this gives the directional derivative 9,m(W;,0,n)v). For r = 2 it gives the
quadratic form v<l>'agn/m(wi, 0,n)v®?.

For an integer ¢ > 0, the orthogonal moment function is built from factors Zj, each using
k independent copies of W;. The outer sum aggregates over all ways to distribute at most ¢
copies among r such factors, with the r-th derivative of m providing the contraction at the

root. Concretely, define

q ” r
VOW:0,1,7) rZZ:, Z(—DZ“’“‘( ! . ) <0Z;m(W1,0,n)7 & Z,, (W6, n, A)>,
r=0 S

“kiy..kr>1 s=1 s=1
ki+-+kr-<q

(17)

where the tensor product ®;_, Zy, denotes Zy, ® -+ ® Zy, (i.e., (O;m, ®, Zy,) is the r-linear
contraction of 9ym with the vectors Zy,, ..., Z,), the argument W = (W7, wh L W)

consists of ¢ + 1 independent copies of W;, and
ko—1
Zi, (W50, 0) = | TT AN 0y9(Wis,6,m) | AX) g(Wis,y, 0,m). (18)
=1

Each block W) = (Wisays - Wisk,)) uses kg independent copies, the copy W enters only
through 8;m(W1, 0,7n), and the r = 0 term uses the empty-product convention.
Each Z, pre-multiplies k; — 1 Jacobian factors Ad,g onto a terminal factor Ag. The

13



binomial weight (—I)Z:=1ks (ZTq . ) ensures that all monomials of degree 1 through ¢ in
s=1"%

the nuisance estimation error cancel in expectation.

Explicit formulas for small q. To make formula (17) concrete, we display 1(? for ¢ =
0,1,2. Write m := m(W,0,n), m, = 0,m(Wy,0,n), and m,, := 8$n,m(W1, 0,n).

Case ¢ = 0.
O (W3 0,m) = m(Wh,6,7).
Case q = 1.
1/}(1) (Wla W27 07 n, /\) =m — m'/r] A(A) g(WQa 9, 77)
Case ¢ = 2.
WO (W, Wa, Wy 0,1, X) = m — 2m; A(X) g(Wa, 6,7)
+mly (A(X) Opg(W, 0,1)) A(X) g(Wa, 0, 1) (19)
+ 3 (A g(Wa, 0,)) myy (AN) g(Ws, 0,7)).

The ¢ = 2 moment function uses L = 3 independent copies. Explicit formulas for ¢ = 3

and ¢ = 4, using L = 4 and L = 5 copies respectively, are given in Appendix A.2.
Assumption 3.

(i) g(W;,0,n) is affine in 1.

(7)) m(W;,0,n) is (g + 1)-times continuously differentiable in n in a neighborhood of ng.

(7ii) The map A — A(N) in Assumption 2 is (¢ + 1)-times continuously differentiable in a
neighborhood of \.

(iv) For all v < q+ 1, there is a neighborhood N of no and an integrable function M,(W;)
with sup,c v [|0pm(Wi, 0, n)|| < M, (W;) almost surely.

(v) Elllg(Wi, 00, m0) ||| < oo and E[]|0,9(Wi, 6o, m0)]] < oo

Theorem 1 (g-th order orthogonality, affine case). Define the population moment associated
with @ in (17) by WD (0,1, ) = EpD(Wy, ..., W;0,n,))]. Under Assumptions 1, 2,
and 3,

‘I’(q)(eo,no, Ao) =0,

14



and, for all multi-indices (o, §) with 1 < |o| + |B] < ¢,
020U D 6y, mo, Ao) = 0.

That is, ¥\9 is g-th order Neyman-orthogonal in the sense of Definition 1.
The proof is in Appendix B.1.

Remark 2 (Comparison with standard first-order orthogonality). For ¢ = 1, our moment
function reduces to ¥ = m(Wy,0,1) — 0,m(W1,0,1)' A(X) g(Ws, 6,1), which uses two in-
dependent copies and has the Jacobian inverse A as nuisance parameter. The standard
first-order Neyman-orthogonal moment function (Newey, 1994; Chernozhukov et al., 2018)
is ws(tlg(wi; 0,n,\) = m(W;,0,n) — XN g(W;,0,n), which uses a single observation and has a
d,~dimensional nuisance vector A\g = Ay 9,E[m(W;, 6y, 1n0)]. The standard moment function is
simpler: it combines Ay and 0, E[m] into a single nuisance A and avoids the second copy. Our
construction separates these ingredients: A handles the Jacobian inverse while 9,m (W1, 6,7)
enters stochastically through the independent copy Wj. This separation enables the natural

extension to ¢ > 2.

4.2 Nonlinear g: general moment conditions

When the moment function g(W;,#,n) is nonlinear in 7, additional correction terms are
needed beyond the affine orthogonal moment function. The target m was already allowed
to be nonlinear in the previous subsection, but we now also allow for nonlinearity of g. We
denote the affine orthogonal moment function from (17) by @/Jézf) and write the corrected

orthogonal moment function as
VDW,0,m,\) = wg‘g)(W, 0,71, \) 4 correction terms. (20)

The reason ¢f;;3 fails to be orthogonal for nonlinear g is that the proof of Theorem 1 relies
on Ao Elg(W;, 00,m0 + 0)] being linear in 6. When ¢ is nonlinear, this expression contains
quadratic and higher-order terms in ¢ that the affine construction does not cancel. The

correction terms involve the higher-order derivatives 8gg(WZ-, 0,n) for p > 2. For ¢ =1 no
(

ailzf) is first-order Neyman-orthogonal even when ¢ is nonlinear.

correction is needed: ¢ = 1)

Before turning to the construction, we set up notation used throughout this subsection.
For p > 1, the p-th derivative tensor d7g(W;,6,n) € R% @ (R%)® has one dg-output slot
and p input slots in R%, with entries (0P 91k.r. gy = OPgr (Wi, 0,m) /O, - - - Onj,,. For p =1
this is the d, x d,, Jacobian. To express contractions of such tensors with vectors in R% | we
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extend the angle-bracket notation of Section 4.1 as follows: for a tensor A with p input slots

in R% and output in a vector space V, and for vy, ..., v, € R,
A[’Ul,. .. ,Up] eV

denotes the contraction of A along its inputs, leaving the V-output unchanged. For the
scalar function m, the bracket and the angle-bracket of Section 4.1 agree, d;m [V1, ..., 0] =
(Opm,v1 ® - ®@v,) € R. For the vector-valued g, dhg vy, ..., v,] € R% , and pre-multiplying
by A(X) contracts the d,-output slot to give a vector in R%.

4.2.1 Second-order orthogonality via reparameterization

The orthogonal moment function for the general nonlinear case can be derived from the
affine formula via a change of nuisance parameter ¢ = f(n), and the goal of this subsection
is to show that derivation for ¢ = 2. Let f : R% — R% be a parameter transformation,
define g(W7, 0, ¢) == g(W;, 0, f~1()) .

We want to apply the affine moment function construction to g, but it is important
to note that g being affine in ¢ is not a necessary condition for that construction to be
applicable. Inspecting the proof of Theorem 1 in the appendix, one sees that all that is

actually needed at ¢ = 2 is the condition
AOE[(?;?(W@ bo, ¢0)] = 0, (21)

where 93g(W;, 0, ¢) € R ®(R™)®? follows the same convention as 97 above, with 7 replaced
by ¢ and g by g. Pre-multiplication by A contracts the dg-output slot, and (21) requires
the resulting d,, x d,, x d,, tensor to vanish. Define T5 := AOJE[@?g(I/VZ-, 6o, 770)} € Rnxdnxdny
Then a simple explicit choice for f that guarantees (21) is given by

¢ = f(n):=n+1Ta[n—no, n—mo. (22)

Because (21) holds for this choice of f,* the affine ¢ = 2 moment function from (17), with
g replaced by g and n replaced by ¢, is second-order Neyman-orthogonal at (6o, ¢g, Ao)-
Defining m(W;, 0, ¢) := m(W;, 0, f~1(¢)) analogously to g, this orthogonal moment function

“From (22) we have ¢g = no and 8, f(no) = I4,, so by the inverse function theorem f~' exists locally
with 9 f ' (¢o) = Ia, and 95f~'(¢o) = —T>. The chain rule applied to G(W;,600,¢) = g(Wi, b0, f~'(9))
at ¢g then gives Bfg(Wh 0o, o) = %g(Wiﬁo, no) + Ong(Wi, 00,m0) - (=T2), and pre-multiplying by Ay and
taking expectations yields To — To = 0.
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reads, evaluated at ¢ = f(n),

GOW,0,1,0) = m(Wh, 0, 6) — 20,m(Wi, 0,6) AN 5(Wa, 0, )
+ 0ym(W,0,6) (AN) 955(Ws, 0, 6)) AN 5(W2, 6, ¢)
+ 5 (AN F(W2,8,0)) 95, m(Wh,6,6) (AN (W5, 6, 6) ).

By construction @(2) is second-order Neyman-orthogonal at (g, 10, Ag), but its expression
in n-coordinates still involves 7, g and their ¢-derivatives, which is not yet a closed-form
expression in 1. We obtain such an expression by chain-rule expansion of each 7z, g derivative
at ¢ = f(m) = mo, using yf " (¢o) = Ia, and 03 f~"(¢o) = —T5. The first three terms of ﬂ(z)
reduce to the corresponding terms of w;?f), and the second-order chain rule for 72 produces
the identity

05 ym(W1, 00, ¢o) = 92, m(Wi,00,m0) — 8ym(Wr, 6, m0) - T,

which splits the fourth term of E(Q) into the fourth term of wﬁf’ plus a T5-correction. The
result is that the value of $(2) at the truth (6o, n0, Ao), and its n- and A-derivatives at the

truth up to total order two, coincide with those of the moment function®

¢(2)(W» 97 n, )‘) = ¢§2ﬂ) (Wla W27 W3a 9) n, >\)
— 3 0,m(W1,0,m) Ty [A(N) g(Wa, 0,m), AN) g(Ws,0,m)].  (23)

However, the expression for 1) (W, 0,1, ) in the last display is not yet a usable moment
function, because T is unknown. To make it feasible we replace Ty = AgE[02g(Wy, 6o, 10)]
by A(N) 82 g(W4,0,1n), where W is an independent copy of the data. This delivers a moment
function that uses L = 4 independent copies of W; and that by construction is second-order

Neyman-orthogonal:

SO (W1, W, Wa, Wy, 0,1, \)
= & (W, Wa, Wy, 0,1, \)
— L 0,m(W,0,1) A(N) 029(Wa, 0, 1) [A(N) g(Ws, 0,1), A(X) g(Wa,0,m)]
= m(W1,0,n) = 20,m(Wh,0,1) A(\) g(W2,0,7)
+ Oym (W1, 0,m)' (A(X) pg(Ws, 0,1)) A(A) g(Wa, 0,m)

5The two functions E(z) and 3 are not equal as functions of (n,\) — the chain-rule identities used
to derive (23) hold only at n = ng, since d,f~(f(n)) depends on 7 for n # 1y — but they have matching
Taylor expansions at the truth up to order two, which is what orthogonality requires.
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g(Wa, 0,m)) 02,m(Wa,0,m) (A(N) g(Ws,0,7))

H3(a0
— 50, (W1,0 n) AN 02g(Wa, 0,m) [A(N) g(Ws, 0,m), A(\) g(Wa, 0,m)],  (24)
where we swapped the labeling of W7y, ... W, in the final term. The replacement of T5 by
A(X) 079(W;,0,7m) introduces additional dependence on (7, A) that was not present in the

¢-coordinate derivation, but this does not affect second-order Neyman-orthogonality.

4.2.2 Useful notation: indexing terms in (9 by rooted trees

We now introduce notation that turns out to be useful for expressing (9 at general ¢. We
motivate it by rewriting ¢(®) from (24). Figure 1 shows how the five terms of ¢/ can each
be represented by a rooted tree built from three kinds of nodes. The root (shaded blue)
carries either m or one of its n-derivatives 9;m, where r is the number of children of the
root. The leaves (shaded gray) each carry A g. The non-root, non-leaf nodes (unshaded)
each carry A dfg, where p is the number of children of the node. Each node is evaluated on
its own independent copy of W;. The tree, which we denote by 7, then uniquely determines
the corresponding term in ¢, which we denote by (W, 0,1, \).

It turns out that all terms in the orthogonal moment function (9 can be indexed by

rooted trees in the same way for any order ¢ € {1,2,3,...},

@/J(q)(VVv 0,m,A) = Z Cq,r ke (W, 0,1, ), (25)

TET,

where 7, is a finite set of rooted trees, ¢,, € R is a combinatorial coeflicient, and the kernel
ke (W,0,m, ) is determined by 7 via the rules illustrated in Figure 1.

A rooted tree T is a finite tree (a connected acyclic graph) with one node singled out as
the root. Let d(7) denote the number of non-root nodes of 7 with at most one child. The
middle column of Figure 1 reports d(7) for each of the five trees: the trivial tree has d = 0,
the root with one leaf child has d = 1, and the remaining three trees all have d = 2. The set
7, in (25) is then

T, = {7’ rooted tree : d(7) < q}. (26)

For ¢ = 0, Ty only contains the single-node tree. For ¢ = 1, 7; contains the single-node tree
and the tree with one root and one leaf child. For ¢ = 2, the five elements of 75 are shown
in Figure 1. For ¢ = 3 we have |73| = 13, shown in Figure 2. The cardinalities grow rapidly,
with | 74| = 40 and |7;5| = 130.

Each rooted tree 7 € 7, translates into a kernel x.(W,8,n,\) by populating the nodes

with the algebraic objects already used in /(?). The root carries m or one of its n-derivatives,
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Rooted tree 7|d(T

~—

7 with factors Ke(W,0,m,\)

O 0 m(Wl) m<W179777)

aﬂm(Wb 97 77)/ A()\) g(W27 67 77)

Aym(W1,0,n)" (M) 0yg(Ws,0,1)) A(N) g(Wa,6,n)

(AN (W2, 6,m)) 02, m(Wh,8,m) (A(X) g(W3,6,7))

a’rlm(Wla 97 77)/
X A(N) D2g(Wa, 0,1) [AN) g(W3, 0,m), AX) (W, 0,7)]

N
Ful

Figure 1: The five terms of 1(?) in (24), indexed by rooted trees. The root (blue) carries m
or its n-derivatives. Non-root non-leaf nodes carry Adg where p is the node’s number of
children. Leaves (gray) carry Ag.

with the order of differentiation equal to the number of children of the root. Each leaf carries
Ag. Each non-root, non-leaf node carries A d7g, where p is the number of children of the
node. Each node is evaluated on its own independent copy of W;, and the resulting expression
is the contraction along the parent—child edges of the tree, exactly as in Figure 1. Applying
this construction to the seven trees in the top row of Figure 2 gives the affine moment
function wff’l?, where for compactness we suppress the arguments (6,7) in m and g and the

argument A in A:

Uaid = m(Wh) = 30,;m(W1)' A g(112)
+30,m(W1)' (A0,9(W3)) A g(1W2)
= Oym(W1)" (A 0yg(Ws)) (A D,9(Wa)) A g (W)
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Oi% f\;{&/@\

AL A AN

Figure 2: The thirteen elements of 75. The first row shows the seven trees in which every
non-root node has at most one child — these correspond to the terms of the affine moment
function 1/);?&). The second row shows the six correction trees, each containing at least one
non-root node with two or more children.

+ 3 02m(Wh)[A g(Wa), A g(Ws)]
= GEm (W) [A g(W2), (A 0,90V0) Ag(WW2)]
— LO3m(W1)[A g(Wa), Ag(Ws), Ag(Wi)], (27)

while the six trees in the bottom row of Figure 2 correspond to the additional correction

terms that are needed when ¢ is nonlinear in 7,

o0 =
- 23nm(W1)'A329(W2)[AQ(W?)% AQ(W4)]
+ 3 0,m(Wr) AD,g(Wa) AD2g(Ws) [ Ag(Wa), Ag(Ws)]
+ Om(WAY A G2g(Wa) | 0,9(Ws) Ag(W), Ag(Ws)
+ £ 0,m(Wh) AdSg(Wa)[Ag(Ws), Ag(Wa), Ag(Ws)]
— Lom(WY AGZg(Wa) | A 2g(Wa) [Ag(Wa), Ag(I¥s)]. Ag(1¥s)]
+ 3 02m(W) [A g(Wa), AD2g(Ws)[Ag(Wa), Ag(Ws)]]. (28)

n

The combinatorial pre-factors in (27) and (28) are exactly the values needed for third-order
Neyman orthogonality. The affine pre-factors can be obtained from (17) by collecting the
ordered chain-length tuples (ki,...,k,) that correspond to the same unordered tree. The
correction term pre-factors are the values of the closed-form ¢, , that we introduce next.
Note that the substantive content of the tree formalism is our closed form expression for ¢, ;,
while the index set 7, and the construction rule for x, are purely notational bookkeeping

tools.
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4.2.3 Closed form for c,, and the main result

To state the closed form for ¢, ., we first need to define two further integers associated with
each rooted tree 7. We have already introduced d(7) as the number of non-root nodes of 7
with at most one child. Let |7| denote the total number of non-root nodes of 7 (equivalently,
the number of edges of 7). Let Aut(7) denote the automorphism group of 7, that is, the
set of bijections of the nodes of 7 that fix the root and keep the tree structure unchanged.
Finally, let |Aut(7)| be its order (i.e. the cardinality of Aut(7)). Then,

_ (=DM gt ] = d(7)
Car i |Aut<7>r< ) ) (29)

Figure 3 shows the values of |7], d(7), and |Aut(7)| for all rooted trees 7 with d(7) < 3. The
values of |7| and d(7) are read off by counting the relevant nodes. The values of |Aut(7)| in
this figure are also straightforward: for many of the trees, only the trivial bijection preserves
the tree structure, so |[Aut(7)| = 1. For each of the remaining trees, exactly one node has ¢
isomorphic leaf children, which can be permuted in ¢! ways, giving |Aut(7)| = ¢!. For larger
values of d(7) the automorphism group can of course be more complicated.

As a check, applying (29) at ¢ = 3 to the values in Figure 3 reproduces the 13 coefficients
in (27) and (28). For example, the root with three leaf children gives ¢;3 . = —(g) /3l=-1/6
(matching the coefficient of d2m[Ag, Ag, Ag] in (27)), etc.’

Tree-indexed expansions of this form, including the appearance of the symmetry factor
1/|Aut(7)|, are a well-known structure in the literature on multivariate Taylor expansions,
see Appendix A.1 for a discussion of the Butcher B-series. That appendix also gives a simple

recursion for computing |Aut(7)].”

6Tt is also instructive to verify the consistency between (29) and the affine moment function in (17). The

trees that contribute to wi'gf) are precisely those in which only the root has more than one child, equivalently
those with |7| = d(7). For such a tree, let » > 0 be the number of children of the root, and let ks > 1 be the
chain length of each child for s € {1,...,r}. We then have |7| = d(7) = k1 + - - - + k,. The automorphism
group permutes branches of equal length, so if the multiset {k1,...,k-} has n, elements equal to ¢, then
|Aut(7)| = [[, !, and (29) simplifies to

(=p! ( q )
Cqr = = . 30
q, H[ nZ! |T| ( )
The same unordered tree 7 is the image of r!/[[, n¢! ordered branch tuples (ki,...,k,), each contributing

_nl7l
the term { B (ﬁ,l) K. to the affine moment function zp;‘;f) in (17). Summing across these tuples cancels the

r! and reproduces exactly c¢q , k; With ¢q - as in (30), confirming that 1/1;%) in (17) matches the affine part
of (25).

"Using this recursion we have numerically verified that (29) delivers orthogonal moment functions for
g up to 10 in the scalar case d,, = d; = 1, and for ¢ up to 8 in the multivariate case. Enumerating all
|T10] = 110, 135 trees and calculating all corresponding ¢, ; is possible within seconds.
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Rooted tree 7 | |7| | d(7) | |[Aut(7)|

0500 |00 oo | 200 |2000 [oo 70 [o00s |20 [0 oo oo |0

Figure 3: The integers |7], d(7), and |Aut(7)| for the 13 trees with d(7) < 3.
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With ¢, ; in hand, we can state our main result for the nonlinear case.
Assumption 4.
(i) Assumption 3(ii)—(iv) hold.
(il) g(W;,0,n) is (q + 1)-times continuously differentiable in n in a neighborhood of ng.

(iii) For all p < q+ 1, there is a neighborhood N of ny and an integrable function M,(W;)
with sup, |08 g(Wi, 0, n)|| < Mp(W;) almost surely.

Theorem 2 (g-th order Neyman orthogonality, nonlinear case). Let ¢ > 1 be an integer, and
suppose Assumptions 1, 2, and / hold. Then the moment function ¥D(W,0,m,\) in (25)
with ¢y, given by (29) is q-th order Neyman-orthogonal in the sense of Definition 1. That
is, WD (g, 1m0, No) = 0, and, for all multi-indices (o, 3) with 1 < |a| + 8] < q,

3335 \II(Q)(HO, 10s Ao) = 0.

The proof is in Appendix B.2.

The expression (29) applies to both the affine and correction parts of ¢(9. Trees with
|7| = d(7) are exactly those in which every non-root node is either a leaf or a one-child node;
for these, (29) reduces to (30), the binomial weights of the affine score (17). Trees with
|7| > d(7) — those with at least one non-root node with at least two children — are the
correction trees, which contribute terms involving the higher-order derivatives dfg for p > 2.
When g is affine in 7, all such kernels vanish, (25) reduces to 1@ = @Z)azf), and Theorem 2
recovers Theorem 1.

The total number of independent copies of W; used by (9 equals one plus the maximum
number of nodes in any tree 7 € 7, which is bounded by L < 2¢ for ¢ > 2 (compared with
L =1+ ¢ in the affine case). The bound is attained by the binary tree with d(7) = ¢ in

which every non-root, non-leaf node has exactly two children.

4.3 Reducing the nuisance dimension

To reduce the dimension of the nuisance parameter A, the key observation is that the moment
function g(W;,0,n) in (1) can be replaced by a different function g(W, 0, n) that may depend
on multiple independent copies of W;.* The replacement is valid as long as E[g(W, 6, 1)] = 0
and the corresponding Jacobian J, = E[0,5(W, 6y, m0)] has a left inverse Ay with Ao Jo = Iq,.
The orthogonality construction in Sections 4.1-4.2 applies with g replaced by g throughout.

8 As before, here we write W without subscript when the argument requires several copies.
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The advantage is that g can be designed so that the nuisance parameter A has much lower
dimension.

There is, however, a trade-off: reducing d, comes at the cost of increasing the number
of independent copies L needed by the orthogonal moment function. The original moment
function g(W;,0,7n) depends on a single observation, so the ¢-th order affine orthogonal
moment function uses L = 14-¢ copies. The transformed function g(W, 6, n) may itself require
multiple copies (e.g., d,, copies for the determinant construction below), and each appearance
of g in the orthogonal moment function then uses that many copies, increasing L accordingly.
In practice, the choice of g balances the difficulty of estimating a high-dimensional nuisance
A (large dy, small L) against the variance cost of a higher-order U-statistic (small d, large
L).

In Sections 4.1 and 4.2, the orthogonal moment functions were stated in terms of a
moment function g that depends on a single observation W;. When g requires a block of
several independent copies, the construction is applied in exactly the same way, with one
bookkeeping change: each occurrence of g(W;,0,n) or 0,g(W;,6,n) in the formulas of those
sections is replaced by g or 9,9 evaluated on a fresh block of independent copies of the size

required by g. We give examples of constructions for g below.

Determinant construction (exactly identified case). Suppose d, = d, and J, is

invertible. Define g(W1,..., Wy, ;60,71) componentwise by

gr(Wla e '>de;0777) = det amg(Wbe:n)a s 7677r_1g(W7“7176777)7 g(WT>9777)7

8Tlv-+1g<W7‘+17 67 7])7 ) and,,g<dea 6; 7]) 5

where r = 1,...,d,, and the d, x d, matrix inside the determinant has g(W,,6,n) in its
r-th column and 0,,g(W;,0,7n) in its j-th column for j # r. Then E[g,] = 0 follows
from E[g(W;,6p,m0)] = 0 and the multilinearity of the determinant. The Jacobian satis-

fies E[0,g(W, 6o, m0)] = det(Jo) - 1g,, so A(A) = X - Iy, with

1
N det(J())

Ao

This gives d) = 1. The trade-off is that each evaluation of g uses d, independent copies of

Wi, so the total number of copies for the g-th order moment function becomes L =1+ ¢q-d,,.

Determinant construction (overidentified case). When d, > d,, the Jacobian J, is no

longer square, so the construction above does not directly apply. The idea is to first project
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the d,-dimensional vectors g and d,,g down to d,, dimensions using independent copies of
Ong, and then take the determinant. Concretely, define g(W, ..., Waq,;60,71) componentwise
by

G (Wi, ..., Waq,;0,n) = det |(0,9(W1,0,1)) 0y, g(Wa,6,m), ...,

(aﬁg<W2T717 97 77))/9<W2r7 97 77)7 ceey (ang(WZdnflv 67 n))landng(Wana 67 7]) 5

where r = 1,...,d,. Each column of the d, x d, matrix is formed by pre-multiplying a
dg-vector (0y,g or g) by the d, x d, matrix (J,g)" from an independent copy, yielding a d,-
vector. The r-th column uses g(Ws,, 8,n) (without a 0, derivative), while all other columns
use 0, g(Wa;,6,m). Then E[g,] = 0 by the same multilinearity argument as before, the
Jacobian satisfies E[0,g(W, 0y, n0)] = det(JyJo) - 14,, and

1

AN =) 1T M= ———
() dn> O det(Jh o)’

again giving dy = 1. Each evaluation of g now uses 2d, independent copies of W;.

5 Implementation and simulation

In this section we present an implementation of our orthogonal moment functions in the
setup of Section 3, together with Monte Carlo simulation results. The simulation design is a
stylized version of the setup in Kline, Rose and Walters (2022) (though we do not attempt to
calibrate the design to their empirical results). There are N firms, and T job applications per
firm. Applications feature the race X;:1 € {0, 1} of applicants and their gender X;;» € {0, 1}.

Binary callback indicators are generated as
Yie = Hei > Bio + BuXia + BioXia}s (31)

where ¢, are i.i.d. standard logistic independent of X;; 1, X;; 2, and observations are inde-
pendent across ¢ and t.

Job applications are randomly generated within firms but — for example due to imple-
mentation constraints — assignment is heterogeneous across firms. Specifically, we assume
that firms belong to one of two types Z; € {1,2}, where Z; are i.i.d. Bernoulli with prob-
ability 1/2. When Z; =1, (Xi1 =1, Xy2 = 1) and (X1 = 0, X2 = 0) are each drawn
with probability 3/8, and (X1 = 0, X2 = 1) and (X;z; = 1, X;z2 = 0) are each drawn
with probability 1/8. When Z; = 2, (X1 =1, Xu2 = 1) and (X1 = 0, X;z2 = 0) are each
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drawn with probability 1/8, and (X1 = 0, X;2 = 1) and (X1 = 1, X2 = 0) are each
drawn with probability 3/8. For j € {0,1,2}, 8;; = Z; + V;;, where the V;; are independent
standard normal, independent of Z;.

Let X = (1, Xi1, Xir2)', and let

-1

e el ) ]

t=1 t=1

We estimate the parameters

1 N 1
0o = — me, b0 = — 2771'2107
N N3

which together are informative about the level and dispersion of race-based employment
discrimination (here, the coefficient 7;19 corresponds to race). The true values in the DGP
are 019 = —0.0844, which corresponds to a 8.44 percentage point lower callback probability
for blacks compared to whites, and 659 = 0.0177, which corresponds to a standard deviation
of 0.1030.

We report results based on 1000 simulations. We compute the OLS estimators as

T -
i = (LX) X
t=1 t=1
and report the resulting estimates of 6; and 0y (denoted as OLS). Note that, given the design,
ST X3 X, is singular with positive probability. We report averages of %;; and 7% on the
subset of units for which singularity does not occur, and compare those to the averages of
ni10 and n3, for the same subset of units. We proceed similarly for the other estimators
described below.

Next, we compute orthogonal estimators to order 2 (denoted as ORTH). Let, for all
s1,82 € {1,...,T},

T
Ti—(s1,82) = (Z 1{t # s1, Sz}XitX£t> Z 1{t # 51,52} XY,
=1 =1

and
-1

~ 1 I
Ni—(s1,) = — <T—2 Zl 1{t # s1, 82}XitX1{t> : (32)
t=

For 6, the orthogonal estimator is the second element (i.e., the one corresponding to 7;1)
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of

T T
_1 Z Z 1[77% —(s1,82)

S1=1 s2=51+

(2]3 + A (s1,82) Xz SQX/ ) Ai,—(sl,sz)Xi,sl (}/;,51 - Xz{,slﬁi,—(shsﬂ) )

i,82

where I3 is the 3 x 3 identity matrix, averaged across units. For 65, the orthogonal estimator

is, for D the 3 x 3 matrix with a one in the position (2,2) and zeroes everywhere else,

T T
~ ~
_1 Z Z [niv—(SLSz!)Dm’_(sl’S?)
s1=1s2=s1+1

2771 —(s1, 52)D (2]3 + A (s1 52)X EP R 52) A (s1 SQ)XZ 51 (Yim - X{,slﬁi,f(a,b‘z))

(A 81782)Xi,81 (K,Sl Xz/ 51 ﬁl,—(Shsz))) ] s

~

+ (Ai,—(sl,sz)Xi,Sz (}/;,52 Xz, 527/7\17 (51,32))>

S

also averaged across units.

In addition to estimators based on the plug-in estimates (32) of A;, we also report es-
timators based on empirical Bayes regularization. Let pys = Pr(Xy1 = k, Xiye = ¢) for all
(k,0) € {0,1}2. To regularize A;, we endow (pio0, Pio1, P10, Pir1) With a Dirichlet prior with

parameters (oo, (o1, X190, 11). Let o = agg + o1 + g0 + 11, The = e/, and

1 Ti0 + 11 To1 + 711
= mo+m1 mo+mn T11
To1 + 711 11 To1 + 711

We estimate —A; ' = E[X;,X/,] as the posterior mean

~ T 1 & o}
A7t = —3 X X! 1.
l T—i—oz(TZ ' ’t>+T+a

t=1

Finally, to select (ago, ao1, 10, a11), we maximize the marginal likelihood across firms
with respect to «, while fixing 7, = ﬁ > 1{ X = k, Xyo = £} to the pooled mean

estimator. We estimate « as

a =argmax N[InI'(a) —In(a+T)] + Z Z [In [(Tgear 4+ nige) — In T (Tgear)]
a>0 i=1 (k,£)€{0,1}2

where nj = YL 1{X;1 = k, Xi2 = £}. We apply the regularization scheme to both the
OLS and ORTH estimates. In the latter case, we apply the above formulas to subsets of
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observations, leaving out two ¢ indices and averaging across pairs of indices ex post.
Figures 4 and 5 report the Monte Carlo performance of the OLS (in blue) and ORTH (in
red) estimators for #; and 65, respectively, as the number of applications per firm 7" varies
between 7' = 20 and T' = 100. Each figure plots the mean estimate across simulations (solid
line), the true value (dashed horizontal line), and 90% simulation bands defined by the 5th
and 95th quantiles across simulations (shaded regions). The plots on the left-hand side show
the estimators based on regularized A;’s, while the plots on the right-hand side correspond

to un-regularized A;’s.
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Figure 4: Monte Carlo estimates of #; as a function of T". Solid lines show the mean across
simulations for OLS and ORTH; the dashed line is the true value; shaded regions are 90%
simulation bands.

Starting with 61y — the average of 1,19 — the right graph in Figure 4 shows that both
the OLS and the second-order orthogonalized estimator are close to unbiased irrespective
of T. The left graph, in turn, shows that while OLS is slightly biased as a result of the
regularization of Ay, the orthogonal estimator remains virtually unbiased. In addition, the
confidence bands show that the orthogonalization is associated to some increase in sampling
variability.

Shifting attention to 6o — the average of n?, — the right graph in Figure 5 shows that both
estimators are biased when one does not rely on a regularized estimator of A;q. Moreover,
the bias is higher for the orthogonal estimator, and it only becomes lower than the bias of
OLS when T' > 60. Lastly, the variance increases associated with the orthogonalization is
larger than in the case of 6, especially for lower values of T'. Hence, while orthogonalization
reduces bias for large enough T, an estimator based on un-regularized estimates of A;y may

perform poorly for lower values of T
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Figure 5: Monte Carlo estimates of 6, as a function of 7". Solid lines show the mean across
simulations for OLS and ORTH; the dashed line is the true value; shaded regions are 90%
simulation bands.

The left graph in Figure 5 shows that the situation improves greatly when relying on
regularized estimates of A;y. The bias of OLS is reduced relative to the un-regularized case,
without a noticeable increase in variability. Moreover, the bias of the orthogonal estimator
decreases substantially relative to the un-regularized case, and in fact the orthogonal esti-
mator has small bias, lower than the one of OLS for all values of T". This suggests that the
combination of orthogonal moments — to reap the benefits of higher-order Neyman orthogo-
nality — and regularization of the nuisance parameters — to ensure lower estimation error —

can be particularly appealing in applications.

6 Asymptotic theory

In this section we establish the asymptotic distribution of the estimator based on a ¢-th
order Neyman-orthogonal moment function. The assumptions and result cover grouped
data applications in which each unit contributes a within-unit U-statistic over within-group
observations, including the heterogeneous-coefficients application of Sections 3 and 5 as a
special case. We state the result for a dy-dimensional target parameter 6y, with an orthogonal
moment function ¢ taking values in R% for some dy > dp. Under the assumptions below,
the estimator is v/N-consistent and asymptotically normal, where N denotes the number of
units (groups), even when the preliminary nuisance estimates converge at a rate slower than

V/N.

The analysis uses the unit-by-unit view introduced in Section 3. For each unit ¢ €
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{1,..., N}, the T observations W;y, ..., W;r form the sample on which the orthogonal mo-
ment function (W;;0,v;) is constructed, and preliminary estimation of the unit-specific
nuisance v,y = (10, \io) is carried out on a held-out subset of observations for the same unit.
The cross-sectional dimension ¢ = 1,..., N enters only at the final step, through the sample
average that defines the estimator of 6. As a consequence, the v/ N-rate and the asymptotic
normality in Theorem 3 below are driven by a cross-sectional central limit theorem. The
within-unit structure of v affects only the asymptotic variance.

The analysis closely parallels Section 6 of Bonhomme, Jochmans and Weidner (2025).
The main adaptation is that the nuisance parameter 7; in that paper is replaced by the
pair v; = (m;, A;), and that the moment function is our orthogonal U-statistic rather than a
conditional-likelihood score. Because the limiting distribution is driven by the cross-sectional
average, with the within-unit structure only entering through the variance of the moment
function, the proof of Bonhomme, Jochmans and Weidner (2025) applies after a straight-
forward notational translation. We record this translation in Appendix B.3 rather than

reproducing the full proof.

6.1 Setup

We observe an independent cross-section of N units. Each unit contributes a bundle W; =
(Wit ..., W;r) of T observations. Both N and T grow as N — 0o; we suppress the depen-
dence of T' on N in the notation. For each unit 4, let v;0 = (7,0, Aio) denote the true value
of the combined nuisance parameter, where ), is the finite-dimensional parameter encoding
the unit-level Jacobian inverse A;y as in Section 2. The dimension d,; is bounded uniformly
in 7 and N.
The target parameter 6, € R% is identified by
1 N
N ;E[¢<Wl7 0o, vio)] = 0, (33)
where (W;; 0, v;) € R% is a ¢-th order Neyman-orthogonal moment function with respect to
v; in the sense of Definition 1. We allow dy, > dy to permit overidentification. In applications
such as the heterogeneous coefficients example of Section 3, 6y = (1/N) 3=, m(n;o) is a sample-
dependent parameter; the analysis below covers this case, with the understanding that 6,
may depend on /N.
Let 7; be a preliminary estimator of v;5. We assume throughout that 7; is constructed
from a held-out subset of observations, independent of the observations used to evaluate

1. Concretely, for each unit ¢ we partition the within-unit index {1,...,7"} into disjoint
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subsets Sy and Sy, estimate 7; from {W;; : t € S;}, and evaluate ¢ using observations in Ss.
The sample is split within each unit, not across units. Efficiency can be improved by cross-
fitting, by swapping the roles of &7 and S; and averaging the resulting moment functions.
The analysis below applies to either a single split or the cross-fitted estimator.

The estimator 6 is defined by the GMM problem

2

: (34)

N

1 .
Nzw(Wi;ea Vi)

i=1

f = argmin
€0

where © C R% is the parameter space, () is a symmetric positive-definite dy x dy weight

matrix, and ||z]|3, = 2/Qz. When dy;, = dy (just-identification), 8 solves the moment equation
(1/N) 2 v (Wis 0,0;) = 0.

6.2 Assumptions and main result

Assumption 5.

(i) As N — oo, (é, U1,...,Un) is contained in a convex neighborhood By of (6g, V10, - . ., Uno)-

Let By ; denote the intersection of By with the parameter subspace for unit 1.

(71) max; d,; = O(1).

(iii) Each component of the moment function ¥ (W;;0,v;) is (¢ + 1) times continuously
differentiable in (0,v;), and all its partial derivatives up to order (¢ + 1) are bounded
in absolute value (componentwise) by Cy;(W;) > 0 uniformly over By ;, with

; E[Cy:(W;)?] = O(1).

(iv) 0 — 0y = op(1), and

JEELI -
5 L E[l7: = viol ] = o(N 7).
i=1
(v) The probability limit
1 N - .

N—oo N i=1 80,

exists as a dy X dg matriz, and G'QG is nonsingular.

Part (ii) mirrors the bounded-nuisance-dimension condition of Bonhomme, Jochmans
and Weidner (2025). In the grouped data example of Section 3, d,; = d,, + d,(d, + 1)/2,
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which is independent of N and T'. Part (iv) is the key rate condition on the preliminary
estimator. In the grouped data example, 7; is an OLS-based estimator computed on |S;]
observations, so E[||D; — vipl|?@*V] = O(T—@V) if |S;|/T tends to a non-zero constant,
and the rate condition is satisfied whenever N = o(T%"!). Higher-order orthogonality thus
permits inference in grouped settings where the group sizes are small relative to the number

of groups. Part (v) is a standard rank condition.
Assumption 6.

(i) Each component of the moment function ¥ (W;;0,1v;) is Neyman-orthogonal to order q
in v; in the sense of Definition 1, and (1/N) Y, E[t)(W;; 0y, vio)] = 0.

(ii) v; is independent of the observations in W; used to evaluate (W;;0,1;), for every i.
(iii) Wy, ..., Wy are independent across i.

(iv) With Eni = G'Q(Wi; 09, vi0) € R% the Lindeberg condition holds, and

1 N
V = plim N Zval"(&\[’i)

N—o0 i=1
exists as a dg X dg positive definite matriz.

Part (ii) is achieved by sample splitting within each unit, as described above. Part (iii)
requires independence across units. It is straightforward to modify the variance formula in
Theorem 3 below to accommodate particular forms of dependence across units, by substi-

tuting an appropriate expression for V.

Theorem 3. Under Assumptions 5 and 0, with the same q € {1,2,3,...},
VN (6= 05) % N (0, (G'G) 1V (G'QG) ) .

The proof is in Appendix B.3.

The asymptotic variance depends on the orthogonality order ¢ through the form of the
asymptotic variance, although we have left this dependence implicit in the notation. As in
Bonhomme, Jochmans and Weidner (2025), the use of cross-fitting mitigates the variability
introduced by a single split.
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APPENDIX

A Additional discussion and results

A.1 Tree-indexed Taylor expansions

The closed-form coefficient

D (gl - )

" [Aut(r)] 7l
of Theorem 2 resembles coefficients that appear in the literature on Taylor expansions indexed
by rooted trees. A close match is the B-series of Butcher (1963), which expresses derivatives
of the solution to an ordinary differential equation (ODE) as rooted-tree sums that share
the same 1/|Aut(7)| factor. The other parts of ¢,, are specific to the orthogonalization

problem and do not appear in B-series. We recall the B-series example below to demystify

the 1/|Aut(7)| factor, and close with a recursion for computing |Aut(7)|.

A.1.1 The B-series for a differential equation

Consider the ordinary differential equation y/'(t) = f(y(t)) with y(0) = yo, where y : R — R"
and f : R™ — R"™ are smooth functions. Here, f is given and the goal is to determine y from

the ODE. Differentiating ¢’ = f(y) repeatedly and evaluating at ¢ = 0, the chain rule gives

y'(0) =,

y'(0) = f'(f >

y"(0) = (£, ) + F(£(),
y(0) = f"(f, f, f> 3I'(F(N, f) + L7 D) + F(FEUD),

all evaluated at vy, with f* the k-th derivative tensor of f acting on k inputs. Each term
in y*)(0) corresponds to a rooted tree, and for k > 1 we have
*) k!
y(0) = > TAut(r)] 7! Er (yo), (35)

|TI=k

where the sum runs over all rooted trees 7 on k nodes. The integer |7| is the total number of

nodes of 7. The map F(yp) is the elementary differential built from f and its derivatives

In the rest of the paper, |7| denotes the number of non-root nodes. The conventions differ by a —1 but
|Aut(7)| is unchanged from the main text.
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by a dictionary very similar to how we construct x, in the main text.!” The integer 7! is
called the tree factorial, and is simply the product over all nodes v of 7 of the number of
nodes in the subtree of 7 rooted at v. |Aut(7)| is the order of the group of bijections of the
nodes of 7 that fix the root and preserve the parent-child relation, exactly as in the main
text.

An early version of this rooted-tree picture appears in Cayley (1857), and the B-series
form!! is developed in Butcher (1963). Textbook treatments are Hairer, Lubich and Wanner
(2006), Ch. III.1, and the survey of McLachlan, Modin, Munthe-Kaas and Verdier (2017).

This relatively simple example already illustrates how sums over rooted trees with com-
binatorial factors of the form 1/|Aut(7)| arise naturally in the mathematics literature on

multivariate Taylor expansions.

A.1.2 Computing |Aut(7)]

The order |Aut(7)| admits a simple recursion. Let the root of 7 have r children. Deleting the
root splits 7 into r rooted subtrees, one at each child. Group these subtrees into isomorphism
classes (as rooted trees). For i = 1,...,s, let 7; denote a representative subtree of the i-th
class and n; the number of subtrees in that class, so n; + - - -+ n, = r. An automorphism of
T fixes the root, permutes the n; subtrees within each class freely, and acts on each subtree

by one of its own automorphisms. This gives

|Aut(7)| = ﬁni”Aut(Ti)

=1

ng
)

with the recursion bottoming out at the trivial single-node tree, where |Aut(e)| = 1. The
tree-isomorphism test that determines the classes admits linear-time implementations (Va-
liente, 2002, Ch. 4).

A.2 Explicit formulas at ¢ =4

This appendix gives the explicit orthogonal moment function 1) at ¢ = 4, in both the affine

and nonlinear cases. The construction follows Section 4.2: ¢(4) = Y eT, Car ke, Where Ty

19Bach node of 7 with k children carries f(*)(yq), so each leaf carries f(yo) and the root with 7 children
carries f(")(yo). The map F,(yo) is the contraction of these tensors along the parent—child edges of 7. This
mirrors the construction of x, in the main text, with f playing the role of both g and m and no A since no
implicit-equation inversion is involved.

USubstituting (35) into the Taylor series y(t) = 3,5, t*y*)(0)/k! gives the standard B-series form
y(t) = yo+ >, tI" Fr(y0)/(|Aut(7)| 7!), where the sum now runs over all rooted trees with at least one node.
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contains |7;| = 40 trees and the closed-form coefficient (29) is

(~1)F <q+ | - d<r>>‘

Cor = T
7l

T |Aut(r)]

We display Ty, list ¢y, for every tree, and compute ¥»®. Throughout we write g(W;) for
g(W;,0,n), 859<Wj) for 359(Wj,9,77), my = Oym(W1,0,n), my, = 3§n/m(Wl,9m)> My =
Bm(W1,0,m), Mgy = 0ym(W1,0,n), and A = A(N).

The 40 trees in 7,

Among the 40 trees, 12 have |7| = d(7) (no branches apart from the root, this is the affine
trees, Figure 6) and 28 have |7| > d(7) (at least one branch outside of the root, these are

the correction terms, Figure 7).

oi% b

aff aff aff aff aff aff
aff aff aff aff aff aff
T7 78 Ty T10 T11 T12

Figure 6: The 12 trees in 74 that correspond to affine terms in ¢¥.

Example: x, and |Aut(7)| for 7{o""

We illustrate the construction of the kernel k., from Section 4.2.2 and the recursive compu-
tation of [Aut(7)| from Appendix A.1 on the balanced tree 7{¢"", in which the root has one
child, that child has two children, and each of those grandchildren has two leaf children. La-
beling the root by Wy, the top internal by W5, the two middle internals by W3, Wy, and the
four leaves by Wi, Wy, Wo, Wy (any choice of distinct copies works), bottom-up evaluation
gives, at each leaf, A g(W;); at each middle internal, A 92g(W;) contracted with the values

of its two leaf-children; at the top internal, A 8% g(W5) contracted with the values of the two

!/

, contracted with the value of the top internal. The

middle internals; and at the root, m
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Figure 7: The 28 trees in 7; that correspond to non-linear correction terms in %

result is
Koo = m%A@ig(Wg) [A 829<W3>[A9(W5), Ag(WG)}, A&f]g(W4)[Ag(W7), AQ(WB)H'

For |Aut(7{2")|, apply the recursion at each node: at each middle internal, the two leaf
children form a single isomorphism class with n = 2, contributing 2!- 1% = 2, so each middle
subtree has |Aut| = 2. At the top internal, the two middle children are isomorphic (n = 2,
factor 2!) and each has |[Aut| = 2, so the top subtree has |[Aut| = 2! - 22 = 8. At the root,
there is a single child (n = 1, factor 1!), so |Aut(7{™)| = 1! - 8 = 8. With |7{?"™| = 7 and
d(7{g"™) = 4, the closed form gives ¢4 yeorr = (—1)7 (7) /8 =—1/8.

The same recursion gives the values |Aut(72f)| = 1 (chain of length 4, no symmetry),
|Aut (72| = 4! = 24 (root with four leaf children, all isomorphic), |[Aut(7s™)| = 4! = 24
((1,4)-star), |Aut(r5°™)| = 2!-2 =4 ((3,2)-star: two leaf children of the root form one class,
the third child has two leaves of its own and so contributes |Aut| = 2), and |Aut(7{$™)| =

2!'- 22 = 8 (root with two isomorphic children, each carrying two leaves).
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Coeflicient table

Tables 1 and 2 list (|7],d(7),|Aut(7)|,cs) for every tree in Figures 6 and 7, computed
from (29) at ¢ = 4.

\]
=

| Aut | Cy R raff
1 1

1/2
~2/3
1/2
1/24

= W RN WD = O A
[ e N I O R e
|
i~

<L
=
=k W R R W R WD RO

[\]
=~

Table 1: Closed-form coefficients ¢, . for the 12 trees in 7; with no branches.

Remark 3. The 12 affine coefficients of Table 1 are exactly the binomial weights of the
affine score (17) at ¢ = 4. This is the special case where every non-root node is a leaf or
chain (so |7| = d(7)). The closed form (29) reduces to c,, = (—1)4™ (d(qﬂ)/\Aut(T)L which
after grouping the ordered chain-length tuples (kq,..., k) in (17) into tree classes recovers
the affine binomial weights (—1)K(["()/|Aut|.

Affine moment function

Reading off the coefficients in Table 1 and the kernels from Figure 6 via the construction
rule of Section 4.2.2,

Ui = m — 4ml Ag(Wy)
+6m! (A(?ng Ws)) A g(W2)
—4nz(A@gmg)(A@gmq)Agu%)
m), (A 0,g(Ws)) (A d,g(Wa)) (A D,g(Ws)) Ag(WW2)
+3(A 9(W2)) My (A g(Ws))
— 4 (Ag(Wa)) my, (AD,g(Wa)) A g(Ws)
+ (A g(Wa)) myy (A0,9(W2)) (A 0,9 (Ws) ) A g(Ws)
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o 7| | d | |Aut] Cyeon || TS |7| | d | |Aut] Cy reor
3 (2] 2 | =5 || 7 |4] 8 | —1/8
o |4 |3 6 | 5/6 | rem| 5|4 6 | —1/6
e |4 (3] 2 | 52 | e 5 4] 2 | —1/2
o | 5 3 2 | =3 |rer| 5 4] 2 | —1/2
mem |4 (3] 2 | 52 || s 4] 2 | —1/2
e | 4 3| 1 5 |mem| 5 |4 1| -1
reor | 5 14| 24 | —1/24 | 7| 6 (4| 2 | 172
e | 5 4| 6 | —1/6 |7t 6 4] 2 | 172
o | 5 |4l 4 | 14 | w6 4] 2 | 172
rer |6 (4] 6 | 1/6 | et 6 4] 1 1

w6 (4| 4 | 14 | e s 4] 2 | —1/2
reee |6 (4| 2 | 1/2 |lmer| s 4] 1| -1
w6 4| 8 | 18 w5 4] 1 | -1
w7 a4l o2 | —1y2 | w5 4] 2 | -1

Table 2: Closed-form coefficients c, . for the 28 trees in 7, with at least one branch. Entries
are computed from (29) at ¢ = 4.

+ % ((A ang(WB)) Ag(W2))/ My ((A ang(WE))) Ag(W4)>
= 2y [ g(W3), Ag(W3), Ag(Wi)]
+ 3 M [ A g(W2), A g(Wa), (AD,9(Ws))A g(WW)

+ 53 Maymn {AQ(W2)7 Ag(Ws), A g(Wy), Ag(Wg,)].

The 12 terms correspond to Tf‘ff, Tg‘ff, Tgff, Tfﬁ, Tgﬂ, Tgff, T?H, rgff, Tgff, ngf , Tflﬁ , 712 in that order.

The construction uses L = 5 independent copies Wy, ..., Ws.

Full moment function

Reading off the 28 correction-tree coefficients in Table 2 and the kernels from Figure 7 via

the construction rule of Section 4.2.2,

¢(4) _ 2/1(4)

)
+2m] A83 Wg)[Ag Ag (Wa), Ag(Ws)]

+ 3 02m(Wh) [Ag(Wa), A 02g(W3)[Ag(Wa), Ag(Ws)]]

— 3mi, AO2g(Wa)[Ag(Ws), AO2g(Wa)[Ag(Ws), Ag(Ws)]]
+ 5 miy A D,g(Wa) AD2g(Ws)[Ag(Wa), Ag(Ws)]
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+ 5y A O2g(Wa) [A D,g(Ws) Ag(Wi), Ag(W5))]

— s mly AOyg(Wa) [Ag(Ws), Ag(Wa), Ag(Ws), Ag(We)|

— L 2m(Wh)[Ag(W), A O5g(Wa)[Ag(Wa), Ag(Ws), Ag(We))|

— S m(W) [Ag(Wa), Ag(W3), A 3g(Wi)[Ag(Ws), Ag(We)]]
mi, A O2g(Wa) [Ag(W3), Ad5g(Wi)[Ag(Ws), Ag(W), Ag(Ws)]]
miy AO3g(Wa) [Ag(Ws), Ag(Wa), A 02g(Ws)[Ag(We), Ag(W7)]]

+3 82 (W1)[Ag(Wa), AD2g(Ws)[Ag(Wa), A 02g(Ws)[Ag(Ws), Ag(W=)]]

+ £ 2m(Wh) |A O7g(Wa)[Ag(W3), Ag(Wa)], Ad2g(Ws)[Ag(Ws), AQ(W7)H

— 3l AD2g(Wa)[Ag(Ws), AD2g(Wi)[Ag(Ws), A D2g(We)[Ag(Wr), Ag(Ws)]]]

— Ll AO2g(Wa) [ A O2g(W3)[Ag(Ws), Ag(We)], A9zg(Wi)[Ag(Wr), Ag(Ws)]]

— i) A Oyg(Wa) Ad2g(Ws)[Ag(Wa), Ag(W5), Ag(Ws)]

— 3, ADRg(Wa)[Ag(Ws), Ag(Wa), Adyg(Ws) Ag(Ws)]

— 1 02m(Wh)[A 9,9(Wa) Ag(Ws), A 92g(Wa)[Ag(Ws), Ag(Ws)]]

— L02m(Wh) [Ag(Wa), AD,g(Ws) A 92g(Wa)[Ag(Ws), Ag(Ws)]]

— O2m(W1) [Ag(Wa), Ad2g(W3)[Ag(Wa), Ad,g(Ws5) Ag(We)|

+ 3l A 0yg(Wa) A32g(Ws) [Ag(Wa), A 02g(Ws)[Ag(We), Ag(W7)]]

+ 3 ml) A O2g(Wa) [A 9,9(W) Ag(Wa), A 02g(Ws)[Ag(W), Ag(1W7)]]

+ 3, AD2g(Wa) [Ag(Ws), Ad,g(Wa) Ad2g(Ws)[Ag(We), Ag(W7)]|

+miy A 92g(Wa)[Ag(Ws), Ad2g(Wi)[Ag(Ws), A 0yg(We) Ag(W7)]]

— 3 mi, AD,g(Wa) AD,g(Ws) A 02g(Wi)|Ag(Ws), Ag(Wy)]

— iy, A92g(Wa)[Ag(Ws), Adyg(Wa) Ad,g(Ws) Ag(We)|

— mly A 9,g(Wa) A 02g(Ws) [Ag(Wa), Ayg(Ws) Ag(We)|
— 3, AD2g(Ws) [A0,g(Ws) Ag(Wy), Adyg(Ws) Ag(We)].

—

The 28 correction terms correspond to 777, ..., Tse' " in that order. The construction uses
L = 8 independent copies in the worst case (7{3™ and 7{2"", each with |7| = 7 non-root nodes

plus the root copy Wh).
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B Proofs

Notation. Throughout the proofs in this appendix, we write g(W;,n) for g(W;, 8y, 1) and
m(W;,n) for m(W;, 6y,n), suppressing the fixed argument 6, for brevity.

For integers a, b with b > 0, the binomial coefficient (2) is defined as

(Z) _ ala—1) --b-!(a—b+1)

In particular, (g) =1 for all @ > 0 (empty product in the numerator), and (Z) = 0 whenever

0 < a < b (the numerator contains a zero factor).

In the proofs below we use formal power series in the variables x and t to read off numerical
coefficients from algebraic expansions. For example, the geometric series identity 1/(1—z) =
2 k>0 2% is used as a symbolic rewriting rule. Since these series serve as combinatorial
bookkeeping only, the domain of x and the convergence of the series do not matter. Every
expansion is eventually truncated to a finite-degree polynomial. For a formal power series
©(x) = Ypso r ¥, we write [25] p(z) := @k for the coefficient of 2 in p(z).

B.1 Proof of Theorem 1

The proof relies on the following lemma.

Lemma 1 (Weighted composition sum). Fiz integers ci,...,c¢, > 0 with r > 1. Let o be
the number of indices s € {1,...,r} with cs =0, and r1 = r — ro the number of indices with
cs > 1. Define

S(cr,...,¢) = Zq:(—l)K (;) kl,.%zl Sli[l(—l)cs (2)

We extend the definition to r = 0 by the empty-product convention S(Q) := 1= (—=1)". Then:
(i) Ifr>1, 3" _cs+r<gq, andry > 1, then S(cy,...,c,) = 0.
(ii) S(0,...,0) = (=1)" for every r > 0.

Proof. Throughout the proof, write o := >_"_, ¢, for brevity. Let x be a formal variable.

For each integer ¢ > 0, define the formal power series f.(z) := Zk21(—1)c(lz>xk. We have
fo(z) = z/(1 — ). For ¢ > 1, differentiating the geometric series 1/(1 — z) = Y 502" a
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total of ¢ times in x and dividing by ¢! gives > (lz)xk = z¢/(1 — x)°*! hence f.(z) =
(—1)01’6/(1 _ I)c—f—l_
Set p(x) :=I1'_, f..(r). Expanding the product, the coefficient of % in ¢(z) is obtained

by summing over all ways to choose one term from each factor whose powers add to K:

r . ks

ECIED Y (SR ()]

ki,.kr>1 s=1 s
kit Ak =K

where the constraint k, > 1 reflects that each f,, has no 2° term. This is exactly the inner

sum in the definition of S. Substituting,

q
q
5= () et
K=0
where the lower limit is extended from K =r to K = 0 since [2X] p(z) =0 for K < r.

The binomial coefficients (—1)% (Iq() are the coefficients of (1 —z)? = ¥9_o(—1)/ (‘;)xj :
Expanding the product (1 — z)? ¢(x) in the same way, the coefficient of z9 is

2] (1 - 2 () = So(-1) (q) @] () = (~1)7S,

J

where the last equality follows from the substitution K := ¢ — j (using (qu) = ( Iq() and
(—1)K = (=1)2(=1)X). Hence S = (1) [27] (1 — 2)7 ¢()).

Multiplying out the closed forms for fy and f., (cs > 1), we have p(z) = (=1)7 27" /(1—
x)7T" ) so

(I=2)px) = (=1)7277 (L —2)T7". (36)

Under the condition o + r < ¢ of part (i), the exponent ¢ — o — r is nonnegative, so the
right-hand side of (36) is a polynomial in z of degree (o + 1)+ (¢ — 0 —1) = q — 1.

For part (i): if r; > 1, the polynomial in (36) has degree at most ¢ — 1, so [z9] of it is
zero, and S = 0.

For part (ii): if all ¢, =0, then ¢ =0, ro = r, 1 = 0, and (36) reduces to 2" (1 — z)7".
Its coefficient of 9 is (—1)?7", s0 S = (—=1)7- (—=1)7" = (—1)". O

Proof of Theorem 1. Write § := 1 — 19 € R% and B()) := I, — A(N)Jo, so B(X) = 0.
Define A(X) := A(A\)Jy = 14, — B()). Throughout the proof, write K := >77_, k.
Since ¢g(W;,n) is affine in 7, we have E[g(W;,no + 0)] = Joo and E[0,9(W;,n)] = Jo
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(constant in 7). Taking expectations in (17) and using independence across the copies,

@ (5, \ Z 3 (—1)K<[q(> <E m(Wi,n)], ®A > (37)

‘ k1,...,kr>1
ki+-- +kr<q

We expand each input as A(A\)¥§ = (I — B)F§ = 3k (—1)* (ﬁj)BCSé, and Taylor-expand
E[0]m (Wi, n)] around 7o in 0 to order ¢ — 7, with a remainder of order |[|§]|*"*" (justified
by Assumption 3(ii) and (iv), which give (¢ + 1)-times continuous differentiability of m in 7
on a neighborhood of 7y together with the integrable envelopes that allow expectation and
differentiation to be interchanged). The polynomial part of U@ is a finite sum of multilinear

contractions

<Mj, B ... ®Bbj5>’ M; == E[&)m(W;, no)],

with j > r. Of the j exponents b, exactly r equal the binomial parameters c,, and the other
j —r are zero (from the Taylor expansion). The Taylor remainder contributes only terms of
total (0, B)-degree at least ¢ + 1, which therefore have all partial derivatives of total order
< ¢ vanishing at (19, Ag) (since d = 0 and B = 0 at the truth). It thus suffices to check that
every monomial of the polynomial part with total degree 1, ..., q has zero coefficient.

Fix one such monomial. Its total degree, counting § and B factors together, equals
> sbs + 7, and we focus on monomials whose total degree lies between 1 and gq.

If some bs > 1, those nonzero entries must all come from the binomial expansion (Taylor
contributes only b, = 0). Collecting in ¥(9) all configurations that produce this monomial, the
coefficient is a finite linear combination of values S(ci,...,¢,) with combinatorial weights
that depend on j, r, and the placement of the Taylor-generated zero-exponent slots, but
not on (ki,...,k.). Each binomial-expansion factor adds one § to the count j, so r < j.
Combined with the total-degree bound, this gives Y, cs+r < ¢q. With r; > 1 in the notation
of Lemma 1, part (i) of the lemma gives S(cy,...,¢.) = 0, so the coefficient vanishes.

If all by = 0, the monomial is (M;,§%7), and r ranges over 0,1,...,5. At each fixed r,
the contribution collects a factor 1/r! from (37) and 1/(j —r)! from the order-(j —r) Taylor

expansion, and Lemma 1(ii) sums the remaining factors to (—1)". Combining,

J r

I > (j)<—1>f _ U=

TZOT'j—T. L= \r 4!

for all j > 1.
Hence every monomial of total (0, B)-degree between 1 and ¢ has zero coefficient in
U@ (n, \). Since B(A\g) = 0 and § = 0 at n = 7o, this gives 8‘“@’8 ) (19, Ao) = 0 for all
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1< |al+[f] <q.
Finally, evaluating (37) at n = 1o, every term with r > 1 contains a factor A(A\)*d = 0,
so only the 7 = 0 term survives, giving W@ (g, \g) = E[m(W;,n0)] = 0.

B.2 Proof of Theorem 2
B.2.1 The case without W,

We initially consider the case without the data W;, where neither ¢ nor m nor s, nor (@
has any W; dependence. The general case is reduced to this one below. As elsewhere
in Appendix B, the dependence on 6 is suppressed throughout. Thus, we are given two
deterministic functions g : R — R% and m : R™ — R, both (¢ + 1)-times continuously
differentiable on a neighborhood of 7y, and satistying g(no) = 0, m(no) = 0, and 9,g(no) of
full column rank. The matrix A(\) € R%*% and the value \g are as in Assumption 2, with

Ay == A(No) satisfying Ay 0,9(n0) = 14,. Define the primitives

A, A) = AN Oyg(n), Gp(n,A) == AN Fg(n) (p=>2), EMm,A) = la, — An,\).

Each G,(n,)\) is a symmetric p-multilinear map (R%)? — R%. We write G,[v1,...,v,] for
its evaluation on p inputs vy, ..., v, € R%, and G,[v®] := G,[v,v,...,v] when all p inputs
are equal. The same bracket notation is used for 9/m(n), which is a symmetric r-multilinear
map (R%)" — R.

Remember that 7 is a rooted tree. The tree kernel of 7 is built bottom-up by the rules of
Section 4.2.2) with all W-arguments removed. Each leaf carries A(X) g(n), each chain node
carries A(n, A), each branch with p > 2 children carries Gy(n, A), the root with r children
carries dym(n), and the contraction is along parent—child edges. We denote the resulting

scalar by (1, ). With the closed-form coefficient

(=D (q +7l = d(T))

Cor = ———
B |Aut(7)]| I

and support set 7, := {7 : d(7) < ¢}, the moment function is

WO, 2) = 3 crhir(n, ).

TETy

The aim is to show
05 05 49 (1, \)

=0, (38)

(m0,X0)

for all 0 < |o| + |B| < q. Write p := ||n — nol| + ||A — Aol|, where || - || denotes the Euclidean

46



vector norm on R% and R%, respectively. Consider p on a neighborhood of (g, \g). The
factors A(X) g(n) and E(n, A) are both O(p)."” The factors G}, and the derivatives dym are
bounded on a neighborhood of (79, Ag).

Main idea of the proof.

We consider the formal Lagrange-Biirmann inverse opg(g; 7, A), which is defined as the unique

formal-power-series solution in € at € = 0, with épg = 0 at € = 0, of the implicit equation

AN) g(n+ous) = AN g(n) —e. (39)

Setting e = A(A)g(n) in (39) makes the right-hand side equal to 0, so A(\)g(n + dip) =
0. By the inverse function theorem applied at 7y (where Ay 0,9(no) = I is invertible by
Assumption 2), 7 is the unique solution of A(A)g(+) = 0 near 79, so n+dLp = 19. Substituting

into m gives the formal-series identity

m (1 + s (AN g(m); n,A)) = m(no), (40)

for all (n, ). Equivalently, defining
B(esn,A) = m(n+ us(esn, \), (41)

the identity (40) reads @(A()\)g(n); . )\) =0, for all (n, A).

The main idea of the proof is the following. The function (@ (n, A) is the order-¢ Taylor
expansion of ®(g;n, \) in the variable ¢ € R% at ¢ = 0, evaluated at ¢ = A(\)g(n). Since
P(Ag) = 0 exactly and A(N)g(n) = O(p) near (1o, Ag), the Taylor remainder is O(p?™?).
Hence ¢(@(n, \) = O(p?*') near (1, \o), which implies the orthogonality (38) (a smooth
function with this bound has all partial derivatives of total order < ¢ vanishing at the
origin).

The Taylor expansion of ® in € has a tree structure that yields the closed form for ¥(®.
Iterating the L-B equation (39) expresses dpp as a sum indexed by rooted trees (a B-series,
see Appendix A.1 and Hairer, Lubich and Wanner, 2006, Ch. I11.1), with leaves carrying e
and edges carrying the matrix inverse A~! = (I — E)~! (where E := [ — A9, g, also O(p) near
(10, Ao)). Substituting into m(n + dp), expanding A~! in powers of E, and collecting all

terms of order < ¢ in p gives the rooted-tree support set 7, and the closed-form coefficients

2For Ag we have A()) g(no) = 0 for every X since g(n9) = 0, so A(X) g(n) = O(||n — nol|) uniformly in
A on a neighborhood of Ag, and in particular O(p). For E we have E(ny, o) = I — AgOpg(no) = 0 by
Assumption 2, so E(n,A) = O(p).
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Cq,7,» With the sign (=)l from inverting the linearization once per non-root edge, the factor

1/|Aut(7)| from grouping orderings of children by the automorphism group of 7, and the

q+|7[—d(7)

o] ) from counting how the truncation budget is distributed across the tree’s

binomial (

edges (with d(7) leaf-or-chain edges and |7| — d(7) branch edges).
Defining the function Fj.

Throughout this part of the proof, the formal-power-series manipulations serve as book-
keeping for the order-¢ Taylor expansion of (@ in (n — 19, A — A¢) at the truth. Under
the smoothness assumptions, this Taylor polynomial is a finite, well-defined object, and the
conclusion 1(? = O(p?*!) follows from Taylor’s theorem with remainder applied to the C*!
function (9 once we show that the Taylor polynomial vanishes identically.

Although several steps below are written as infinite series (the Neumann expansion A; ' =
22550 t/E7, the B-series of Lemma 2, and so on), none of the arguments require these series to
converge as analytic functions. At every step we keep only the terms of total (g, t)-degree at
most ¢+ 1, which form a finite polynomial in the smooth-function primitives A, £, G, ;m.
The omitted higher-degree terms are absorbed into a Taylor remainder that is O(p?*!) by
Taylor’s theorem applied to the underlying C9*! functions. The proof is therefore valid
under C7! smoothness; the formal-series language only streamlines the bookkeeping of the
finite-order computation.

Introduce a formal variable ¢, and let §(e,t;m,\) € R% be the unique formal power
series' in (g,t) with § = 0 at ¢ = 0 and at ¢ = 0 that satisfies

(1=t Em A + AN)|gn+0) —g(n)] = —te. (42)

The factors A(A) g(n) and E(n, A) enter (42) symmetrically. The factor A(A) g(n) enters
via the right-hand side —te (we set € = A(X\) g(n) below), and E enters via the linear-in-d
term (1 —¢) E§ on the left-hand side. At ¢ = 1, equation (42) reduces to A(N) g(n + ) =
A(N) g(n) — e. Setting e = A(N) g(n) gives A(A) g(n + ) = 0, with unique formal solution

= 1o —n (the only solution of A(\)g(-) = 0 near 7, by the inverse function theorem applied
at 19 where Ay 0,9(no) = I is invertible). Substituting into m(n+0) at t = 1,

m(n+6(ANg(n), 1;1,8)) = m(n). (43)

13The implicit function theorem applied to (42) at the base point (g,t,1,A) = (0,0,70,\¢) guarantees
existence and uniqueness of §, both as a formal power series and as a C9*! function on a neighborhood of
the base point. The linearization of the left-hand side in d is (1 —¢) £+ A = I —tFE, which evaluates to Iqg,
at the base point since E(ng, A\g) = 0, and remains invertible for (n, \) in a neighborhood of (19, \g) and ¢ in
a neighborhood of [0, 1].
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At t = 0, equation (42) reduces to Ed + A[g(n + ) — g(n)] = 0. Linearizing the left-hand
side in ¢ gives (E + A)d = 0, which forces 6 = 0.

For computation, expand A[g(n+0d) —g(n)] = A0+ ,52(1/p!) Gp[0%P] in (42) by Taylor’s
formula. Using A+ (1 —t) E = I — tE, the equation rearranges to

(I—1E)5 = ~te — ¥ ~G,[6%]. (44)

p>2 P

Define the order-g partial sum

m(n +4(e, t;m, )\))

F,(ein,A) = [t9] T ,

(45)

where [t?] p(t) denotes the coefficient of t7 in the formal power series ¢(t). Multiplying any
series Y,z t" by 1/(1 —t) = ¥ ,50t" converts the coefficient of ¢7 in the product into the

partial sum Y7_, z of the original series. Hence

q

Fy(eim, A) = D[ m(n+d(e, t;n, ). (46)

k=0

By Taylor’s theorem in ¢t at t = 0 to order ¢ with remainder, this partial sum is the order-q
Taylor polynomial of the C9*! function ¢t — m(n + (g, ¢;m, \)) evaluated at ¢t = 1.
To prove the Neyman orthogonality property (38) we will establish the two facts

Fy (AN g(m); mA) = ¢ (n,)) (47)

and
F,(ANg(m); m,A) = O(p™™), (48)

on a neighborhood of (19, Ag). Together, (47) and (48) give ¥(9(n,\) = O(p?*!) on the
same neighborhood, and a smooth function with this bound near the origin has all partial

derivatives of total order < ¢ vanishing at the origin. This is (38).
Closed-form expression for Fj,.

So far F;, has been defined only implicitly via the coefficient extraction (45). We now derive
an explicit closed-form expression for F, as a sum over rooted trees, from which (47) is read
off directly. The remainder bound (48) is established in the part that follows.

Iterating (44) expands §, and hence m(n + §), as a sum indexed by rooted trees (a
B-series, see Appendix A.1 and Hairer, Lubich and Wanner, 2006, Ch. I11.1).
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Lemma 2 (Tree expansion of m(n+9)). As a formal power series in €, t, and the primitives

Arti=(I—tE)™, Gy (p>2), Oym,

(— 1)l )

iy e, (19)

m<77+5(5,t;77, )\)) = Z
where the sum is over rooted trees T in which the root has r > 0 children and every non-root
node has either O children (a leaf) or > 2 children (a branch). The elementary differential
Vi (e, t;m, A) is built by the same bottom-up tree-contraction rule as the kernel k, at the start
of Section B.2, with two changes. Leaves carry € in place of Ag. And the value at each
non-root node is left-multiplied by the matriz A;' = (I —tE)™! before being passed up to its
parent. The branch and root rules are unchanged: a branch with p children carrying vectors
U1, ..., v, evaluates to Gplvs, ..., vp], and the root with v children carrying vectors vy, ..., v,
evaluates to Oym [vy, ..., v,]. Here |T| is the number of non-root nodes of T and (1) is the

number of leaves.'*

The proof is given in Section B.2.3. Each A;' = (I —tE)~! in the elementary differen-
tial V, sits on a non-root edge of 7, namely the parent edge of some non-root node wv.
Expanding'® A;' = Y, 5o t/* B and binomial-expanding each power B = (I — A)» =
YA, (ﬁ,) (—1)k A¥ we replace each A; ! by a sum over pairs (j,, k,) with 0 < k, < j,.
Each factor of A = A 0,g inserted on an edge corresponds to one chain node on that edge. To
distinguish the original tree of Lemma 2 (with no chain nodes) from the chain-extended tree
obtained by inserting k, chain nodes on the parent edge of each non-root v, we write 7’ for
the original (the skeleton) and reuse 7 for the chain-extended tree from this point onward.
The final sum will be indexed by 7 in the chain-extended sense. The chain-extended trees 7
are exactly the rooted trees of the main text (Section 4.2.2), where chain nodes are allowed
alongside leaves and branches; the skeleton 7’ is the special subset where chain nodes are
excluded, as in Lemma 2.
For the chain-extended tree 7 we have ¢(7) = £(7") (leaves are preserved), ch(r) = >, k,
(total chain nodes), and the number of branches is the same in 7 and 7’ (chain insertion

does not create branches). Hence |7| = |7'| + ch(7) and d(7) = ¢(7) 4 ch(7) = d(7') + ch(7)

14For a concrete example, take 7 to be the tree where the root has one child which is itself a branch with
two leaves. Then |7| = 3 (one branch and two leaves), £(7) = 2, |[Aut(7)| = 2 (the two leaves are isomorphic),

and
Vile, t;m A) = 8,,m[A;1 Gg[Afle, A;ls]].

Reading bottom-up: each leaf produces e, multiplied by A; ! on its parent edge; the branch contracts Gy
with the two child values A, e, then is itself multiplied by Ay ! on its own parent edge; the root contracts
Opm with the resulting vector.

15The formal identity (I — X)~! = 2oi>0 X7 applied with X = tE.
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(using d(7') = £(7') since 7" has no chain nodes), so || — d(7) = |7/| — d(7'). Substituting

these expansions into (49), and writing nonroot(7’) for the set of non-root nodes of 7/,

7| () jv _ 1\kv Jv ,
mr0) = ¥ s X )(kv)<1>tv7,{kv}, (50)

{jv,kv} veEnonroot(r’
0<ky<jv

where Vs ¢,3(€:1, A) is the elementary differential of the chain-extended tree 7, built by the
same bottom-up tree-contraction rule as V. in Lemma 2 but with each A; ' on a non-root
edge of 7’ replaced by A (a string of k, chain factors A) on that edge.'® By construction
Ve (k,y contains no matrix inverses, since every A, ! has been replaced by a (possibly empty)
string of chain primitives A.

Apply F, = [t?](-)/(1 —t) to (50) evaluated at ¢ = A(X)g(n). The total t-power of a

contribution is t47) 2.9 Since

N 1 if N <gq,

0 otherwise,

the partial-sum extraction imposes the constraint Y, j, < ¢ — ¢(7’). Hence
Fy(Agin N = 2 Lo Aut | > (- )20 Noo({ku 5 4) Vi g (51)

where

No({kotia) == H <j> (52)

jv>kv
Z Ju<q—L(T
The sum N, admits the following closed form.
Lemma 3 (Multidimensional hockey-stick). For nonnegative integers ay, ..., a, and M >0,
7 % M g U
5 H(:v +a> _ ( +n+2a>' (53)
1,tn >0 =1 n+ 2 a

Z x, <M

Proof in Section B.2.3.) To apply Lemma 3 to N ({k,};q), substitute j/ := j, — k, > 0.
( .

16Continuing the example from Lemma 2, take 7’ to be the tree where the root has one branch child
carrying two leaves, and set k, = 1 on the branch’s parent edge and k, = 0 on the two leaf-edges. Then

VT/’{kv}(E;Th)‘) = 817m[AG2[E, EH,

namely each A; !in the Lemma 2 footnote example has been replaced by the matrix power A% for that
edge: A% = I on the two leaf-edges and A = A on the branch’s parent edge.
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Then iv

”) (j”Jrk”), and the constraint >, j, < ¢ — ¢ becomes Y, j < g — ¢ — K with
= >, ky. The lemma with n = |7'|, a, = k,, and M = q¢— ¢ — K gives

No({lkia) = Cq‘f—f0++f++K>::<q+wﬂ—z>

7'+ K 7]

using |7| = |7'| + K. Since |7'| — ¢(7") = |7| — d(7) (both equal the number of branches,

preserved under chain insertion), this simplifies to

q+ 7| —d(7)
Neltria) = (“IAO), (54)
The right-hand side depends on the chain pattern {k,} only through || and d(7).

The total sign factor on 7 in (51) is

()7 (-2t = (21O = (1)

using |7| = |7’| + ch(7).
To convert the sum (51) indexed by (7/,{k,}) into a sum indexed by chain-extended
trees 7, count the number of labeled {k,}-assignments that produce a fixed 7. By the

»17

“orbit—stabilizer theorem”'"” applied to the action of Aut(7’) on chain assignments,

| Aut(r')|

#{labeled {k,} producing 7'} = m
T

Chain nodes within a single chain are linearly ordered by their depth from the parent edge,
so no automorphism of 7 can permute nodes within a chain. Hence the stabilizer of the
chain-length assignment v +— k, inside Aut(7’) is canonically isomorphic to Aut(7), and the

orbit-stabilizer count is exact. Combining with the prefactor 1/|Aut(7’)| in (51),

1 [Aut(T)] 1
|Aut(7)| |Aut(7)]  |Aut(r)|’

Reindexing the sum (51) from (7', {k,}) to 7 and using (54),

Il T| —d(T
F (Agin,\) = ) %q ’iuiz - <q+| ’lT‘ d( )) Vo(m, \). (55)

17 Applied here, this is the following counting statement. The symmetries of the skeleton 7/ act on the
chain-length labels {k,} by permuting non-root nodes. Two assignments produce the same chain-extended
tree T precisely when they are related by such a symmetry. The number of assignments producing a given 7
therefore equals |[Aut(7')| divided by the number of symmetries of 7/ that leave the assignment unchanged.
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The constraint d(7) < ¢ in the summation comes from k, < j, for each v, combined with
the partial-sum extraction’s constraint >, j, < g — £(7’). Together these give d(7) = ¢(7') +
Soky < U7+ X, Ju < q. Conversely, any chain-extended 7 with d(7) < ¢ arises from an
admissible choice of {j,} (e.g. 7, = k).

The elementary differential V,(n, A) matches the kernel k,(n, A) defined at the start of
this subsubsection verbatim. Leaves carry Ag, chain nodes carry A = A 9, g, branches carry
G, = A0dbg, the root carries 9;m, and the contraction is along parent—child edges. The

summation index 7 ranges over T, = {7 : d(7) < ¢}, so equation (55) reads

Fy(Agin, N) = 3 cprtir(m ) = 0@(n, N),

TET,

which is the identity (47).
Bound on the remainder.

By Taylor’s theorem in ¢ at ¢ = 0 (to order ¢, with remainder), applied to the C9*! function
h(t) == m(n+d(Ag, t;m, A)) on [0,1],

q 7k
ry = 3 0
k=0 :

+ Rya(n, A),

where R,.; is the order-(¢ + 1) Taylor remainder. The partial sum on the right equals
F,(Ag;n,A\) by (46), and the left side equals m(ny) = 0 by (43). Hence F,(Ag;n,\) =
—Ry1(n, A), so it suffices to bound R,; = O(p?™H).

We bound R, via the order-(q + 1) Taylor coefficient [t7*1]h(t) = K1 (0)/(q +
1)!, computed using the tree expansion of Lemma 2. Substitute the Neumann identity
A7" = Y50t E’ on each non-root edge (without further binomial-expanding E7). At
e = A(N)g(n), the coefficient [t7"!] m(n+ ) is a finite sum of monomials, one for each chain-
free tree 7 and each choice of {j, }venonroot(r) With j, > 0 and £(7) + >, j, = ¢ + 1. Each
monomial has £(7) leaves carrying Ag, one factor E7* on the parent edge of each non-root v,
branch factors G, on each branch with p children, and a root factor dym.

We bound each monomial. The leaf factors Ag are O(p). Each E’ is O(p’), being
a product of j, copies of E which are each O(p). The branch factors G, and the root
derivative d;m are bounded on a neighborhood of (1, Ag). Each monomial is therefore
O(pZ(THZvj”) = O(p?*'). Hence h71(0)/(q + 1)! = O(p?*'). By the same tree analysis
applied at the expansion point ¢ = s for any s € [0,1] (which is admissible because the
linearization I — tF remains invertible there), A4V (s)/(q + 1)! = O(p?*!) uniformly in

s € [0,1]. The integral form of the remainder then gives R, 1 = O(p?™!), which is (48).

53



Combining (47) and (48) gives 9@ (n, \) = O(p?*!) on a neighborhood of (1, Ao), com-
pleting the proof of (38).

B.2.2 Reduction from the case with W;

The data-dependent orthogonal moment function of Theorem 2 is

POWin, ) = 3 corir(Win, N),

TET,

with the same coefficients ¢, . and tree set 7, as in the previous subsubsection. The kernel
k-(W;n, A) is built by the same bottom-up rules as the deterministic kernel above, but with
each node carrying a function of an independent copy of W; in addition to (1, A). Each leaf
carries A(X\) g(W;,n), each chain node carries A(A) 9,9(W;,7n), each branch with p children
carries A(\) 9Pg(Wj,n), and the root with r children carries 0;m (Wi, n), with the Wj ii.d.
copies of W, assigned one to each node of 7. The orthogonality requirement of Definition 1
concerns the population moment W@ (6,7, \) := E[¢)(D(W;n, \)].

At each node v of 7, the kernel k., depends on W through a single tensor evaluated on a
copy of W specific to that node. Denote this tensor by X,. The kernel x, is multilinear in
the tuple (X,),, since it is a contraction along parent—child edges. The X, are evaluated on
independent copies of W, so they are mutually independent random variables. By indepen-
dence and multilinearity, E[x.(W;n, )] equals the same contraction with each X, replaced
by E[X,]. For each non-root v, X, = A(\)dhg(Wj,n) with p € {0,1,2,...} equal to the

node’s number of children, and

E[AN) D5g(Wy,m)| = AN d2g(n),  g(n) = Elg(Wi, b, m)],

using interchange of expectation and differentiation (Assumption 4(iii)). For the root, X; =
Opym(Wi,n) and E[X,] = 0)m(n) with m(n) := E[m(W;, 6y, 1)], by the analogous interchange
under Assumption 3(iv) (inherited via Assumption 4(i)). Substituting, E[x.(W;n, \)] =
R-(n, A), where &, is the deterministic kernel of the previous subsubsection built from § and

m in place of g and m. Summing over 7,

VDo \) = Y el A) = 0%, ), (56)

TET,

where @(q) is the deterministic moment function of the previous subsubsection with g, m
replaced by g, m.
The functions g, m satisfy the hypotheses of the previous subsubsection. We have g(n) =
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E[g(W:, 00,m0)] = 0 and mi(no) = E[m(W;, 6y, 10)] = 0 from the moment conditions (1). The
Jacobian 0,g(ny) = Jo has full column rank by Assumption 2. For smoothness, Assumption 4
allows interchange of expectation and differentiation up to order ¢ + 1, so g and m are
(g+1)-times continuously differentiable on a neighborhood of 1y. The previous subsubsection
therefore gives
AT N =0,
(10,20)

for all 0 < |a| + || < ¢. By (56), the same holds for U@ (6, n, \), which is Theorem 2. [J

B.2.3 Proofs of Lemmas 2 and 3

Proof of Lemma 2. Rewrite (44) as

§ = A7t te + > l' Gp[0%P]
p>2 P
and iterate. At each iteration, every occurrence of 9 on the right-hand side is replaced by
one of two patterns. Either it becomes the leaf pattern —A; ! - te, contributing a single e-leaf
with A;! on its parent edge and no further § to expand; or it becomes the branch pattern
—A;' - (1/p!) G,[6%P] for some p > 2, contributing a branch with p children carrying G,
with A; ! on its parent edge and p further subtrees of ¢ to expand. The iteration terminates

after finitely many steps at any fixed (g, t)-degree, and gives a formal sum

or or 1
5 — Z(_l)h— d‘tE(T d) H ﬁ‘@ird(g,t;?],)\),

rord v branch £'V°

d

where 7°7 is a rooted tree of the type described in Lemma 2 with the children of each node

Ord) are the number of non-root nodes

further distinguished by position, and |7°| and ¢(7
and number of leaves of 7' respectively. Substituting this d-expansion into the Taylor
expansion m(n + ) = 3,50(1/r!) Ofm(n) [6°7], every 0 in 0" becomes a d-tree, giving
min+8) = S ()P EES L T L ve ) (57)
n - | | rord (&, 13 7], )

rord * v branch Po:

where r is the number of children of the root of 7°%,

Group these trees by their underlying tree 7, forgetting the ordering of children at each
node. By the “orbit-stabilizer theorem” applied to the action of S, X[], S,, on labelings of the
children at each node, the number of distinct 70 representing a fixed 7 is r! [T, p,!/|Aut(7)|.

Here the numerator r! [, p,! counts all orderings of children (with p, the number of children
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of node v), and |Aut(7)] is the size of the stabilizer (the order of the automorphism group

of 7). Multiplying by the per-ordering weight = [T, ﬁ in (57) collapses to and

1
|Aut(7)]’
substituting back gives (49). O

Proof of Lemma 3. The formal-power-series identity -, (:”Z“) t* = (1 —1t)~*D follows

from differentiating 1/(1—t) = >_,5, t* a total of a times in ¢ and dividing by a!. Multiplying

n such identities,

1y (+)t SRS (X“‘l)tx,
i=1 2,50 a; s—1

i X>0

with s :=n+>,; a;. The left-hand side, expanded as a single power series in ¢, has coefficient

of t* equal to ", 4. 40 —x I1; (”:“) Equating coefficients gives this sum equal to (Xjfl_ 1).
Summing over X = 0, ..., M and using the standard one-dimensional hockey-stick identity'®
gives (53). O

B.3 Proof of Theorem 3

Theorem 3 is a direct consequence of the asymptotic result in Section 6 of Bonhomme,
Jochmans and Weidner (2025) after a change of notation. We record the translation here
rather than repeat the proof.

Identify Z;, 1, pt, and u in Bonhomme, Jochmans and Weidner (2025) with W;, v; =
(mi, Ai), 0, and 9 in our notation, respectively. The number of cross-sectional units, denoted
N in both papers, plays the same role. The parameter 6 of Bonhomme, Jochmans and
Weidner (2025) has no counterpart in our setting, so their Assumption 1(vi) on its asymp-
totic linearity, and the corresponding Gy 1),,; term appearing in their expansion lemma,
are dropped. In the grouped data setting we consider, the moment function (W;;0,v;) is
bounded per unit rather than scaling with the number of observations per unit, so n; in their
Assumption 1(iv) can be set to one and the total sample size n = 3_; n; collapses to N. The
V/n-asymptotics of their Theorem 2 then become the v/N-asymptotics of our Theorem 3.

Under this mapping, our Assumption 5 corresponds to their Assumption 1, and our
Assumption 6 corresponds to their Assumption 2. The expansion lemma and the final

central limit theorem of their Section 6 apply verbatim and yield Theorem 3.

182)1\?:0 (X:'_Sl_l) = (Mjs), which follows by induction on M from Pascal’s rule ("}:1) =)+ ()
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